
Talk : Shatazerich's Theorem
,
inted Theorem (Assuming Siegel's thm)

References : MG book, $1-2.

Goals for today :
Shafazevich's Theum

K number field
,
S finite set of places of K .

Then :

& Iso classes of ESK elliptic curves w/ good reduction outside 33 is finite

Irreducibility Theorem

Thm : Assume ElK has no CM .
Then

a) Ve = TeQQe is ireducible fr allprimes l
b) E[l] is inducible for almost all primes-



Setup & Basics

K number field
, ESK elliptic cuive

,
w/ Weierstrass from (Cha(K) + 2, 3)

E : y2 = 4(3 - ax - b

Recall : Crefficients a
,
b aze unique up to transformation :

actua
,

butubb
,

nek"

The j-invariant of E is :

1728 a
j(E) =

a - 276230 =a-
2762

j(E) is independent of choice of Weiezstrasseau, but D =(A) = X(a,
b) is not.

ED E' have the same j-invariant EFE' over I



Good Reduction

Letv be a place of K .
Write :

O-Ring of integers of K
On-Local zing

at ~

mo - maximal ideal

En - Residue field
.

Say ElK has good reduction at ~ if Echange of coordinates such that :

· Coefficients of equation f for E are in O * On

· Reduction F = f mod me defines a non-singulat (thus elliptic) curve

E/Ru

Equivalently ,

E equationf for En/refficients in O st &(f) EO*



RK : E has good reduction at all but finitely many places .

Since E can only have bad eduction at places dividing &

If E has
goodtedn at v

,
then :

j(E) = 1728a =On (Since OH) EOF)

And jCE) modmn = j(E)
i
What about converse ?

If(IE) E Or
,

does E have good zen at v?

Ans : No
,
but E has potential goodrduction

i
. e I fin ext 2/1 sit the base change of Eto L ,

EQsk Spec

has good ton at all primes of L lying above v
. (Phot omitted

+



⑤The Nezon-Ogy-Shafazerich Citation
Define the Tate-module :

Te =Elt] and Ve = TepQe

G = Gal(k/k) acts on ETH)
,

Te
,
and Ve

,
and give rise to Gispresentations

Suppose Ute ,
and let : be an extension of v in E

.
Live fix an oly chosaze of Kn containing [)

Let Di
,
It be the decomposition and ineztia gerups espectively.

Di = Gallki/ku)
,
In= Kez(GallE/K:)-+ Gallb=/r))

Di/Iv (Fabr

Def : A reprsentation 4 : G> < GLIV) is uniamified at ~ if the image of
the ineztia group is zezo fre any

I flying above r :

Y([=) = Eid3



If E has good reduction at v
,
then reduction at = defines

an isomorphism of
GK- modules :

Eter] -

< Enter]

The Galois action
on
EICV] factors through the inentia

group, so

EIer]
,
Te

,
We are unzamified at v.

T
Moreover

,

the Feobenius action Frobe on The corresponds to the Frobenius action Fr

on Er Why ? be Frobe is a lift of Fr.

- det (Fabr) = det (F) = Nm(r)
-o

det (1-Fabr) = det(1 - E) = #E(kr)
↓



The converse is also true :

Thm (Nezon-Ogg-Shatazevich
If Ve = TeQQe is unzamified at v

for some vie
,
then E has good

Reluction at v.

↑ some here enfers to l

Previous discussion shows it

Proof : Omitted this is true for some I,
it is time for all 1.

Cozollary
If E and E' are isogenous and E has good reduction at ~

,
then so does E

# Given O :E- E' isogeny
, pick & coprine

to size of Kernel, then 0 :Ele
" ] -> EIe')

is an isomorphism, so E and E' have isomorphic l-adic a prsentations.
B

Alternatively: Even if 11 kend
,
Te -> Te is an isogeny (Kernel

is finite) so upon tensoring with Re

they are isomorphic : (i. e Ve = Ve for
any
1)



Proof of Shafazrich's Theem

Lemma : Let S be a finite set of primes of K, including all primes dividing 2 and 3,
and such that Os is a PID.

Then E/K has good reduction outside of S it and only if it can be put into

Weierstrass form :

E : y2 =xx= ax - b

Where a
,

b EOs
,
and X = -2762 EOS

.
(We want coeffs that reduc at

every v simultaneously

Proof E is clear from earlier discussion.

To show =
, suppose K has

a Weiezstrass from

y= 4x - ax - b

For a
,

be K"



Let - be
a place not in S

.

Then E has good reduction at v

,
we can also write :

E : y = 4x- anx-bu TS containing primes dividing 2&

Where an
,
be Onek"

,
and Klanbul E Pink

" so we can divide by 2&3 to

get Weiezsteass from
↓

Since we now have 2presentations of E, there must exist unEK
*

st :

an = una'
,

bu= mbb'
,

flav
,
bu) = a plai

, by

Note that for all but finitely many v
,
ab will already be Or

,

and Olaibe On
.

Thus we can take un = 1 he all but finitely many
v.

RK : neEK" only mattres up
to its revaluation

,
v(ru).

Since Ok,s is a PID
,
it is possible to find an element wek" such that

v(u) = v(n) VueS.

(Just take product of ideals corresponding to places



Proof of Shatazrich's Thram
Adding extra prims into S

,
WLOG S contains primes dividing and 3

,
and Oss is PID.

If E/K has good reduction outsides
,
then by above Lemma

,
we can

write E in the form :

u = 4 - ax-b

Where abe 0
,
s

,

Gla
,
b) Os.

O can be changed by u, neOs ,
so can conside -

up
to OS/105)".

Note that OY//05)" is finite
,
let XCOs be a set of reprsentatives.

For each LEX
,
the equation : v3 -27V2 = (

Has finitely many
solutions in O (Siegel's thm).

: These are finitely many
iso classes of elliptic caves ul good reduction outsides.

I



Corollazy
Given ESK elliptic curve

,
there are only finitely many elliptic curves (up to isomorphism)

that are K-isogenous to E.

Pf follows from corollaty of Nezon-Ogg-Shafazrich.
lisogenous curves have same places of good/bad reduction



Port of Inreducibility The
Lemma'

Let Elk with EndilE)-1 (i.e.
.
NoCM over K)

If d:E'-E and DE < E are K-isogenies w/ non-isomaphic

cyclic Keenels
,

then E' and E" ate not isommphic orezK.

Pf of Lemma
Letmin" be size of Kezt', Kezd"
Suppose otherwise and Eak-isomorphism E-E" !

Consider the dual isogeny
& E- E'

,

this also has cyclic Keenel of order n

T

1 = In) has Kezrel [L/nIx[Int.

: Kez = Ker[n]/Kez
-



Then the isogeny : E-E'= E"-> E must have Kennel iso to

an extension of IIr by 4/rL ·
But E has no CM 2) this map must be [a] fresore a

Then FLIn"I X TIriL = ClaLyTaG En= n'= a
. #

I

Parof of Irreducibility The
a) Suppose Ve is reducible

,

iez I-cim Desubspace of Ve,

stable under Gis action

Then intersecting w/ The will give X
,
TelX zank1 free te modules

,
X stable under Gis

Define X(n) : = Image of X under quotient To -> Te/ETeEEter].

X(n) is a cyclic submodule of ETe] , and stable undez Gas

: We can define quotient curve Ell = E/X(u) oven K &

The isogenies E- Eln) have cyclic Keenel of order I".



=> E(n) and Elm) are not isomorphic for neM. non-CM used here from previous Lemma.

. There are infinitely many
non-iso caives that are K-isogenous to E.

This contradicts Shatawich's threem
. #

b) If Ele] is not rad
,
then EXeEll] 1-dim Tet subspace that

is stable under G action.

Once again, E-EIXe is an isogeny of cyclic ordist.

By Shafazrich's Therem
,
there can only be finitely many such1.

D



Ritual of eternal youth
· Japanese Myth: Eat a mermaid ?

· Angez a greek god (e .g Sisyphus .)

· Good skincare/Stayhydrated
infinitely


