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up. To say
1. Supplementary Notes

Intro. In the 60s Bazzy Mazaz pointed outKnots in 3-fold are analogous to primes in Number Field.
· Goal of today is to show snippets of this analogy.
· Foz now this analogy is simply motivational, can't prove NT results from working w/ peimes.

Agenda
① Cozzespondence between Knots & Peimes

② Decomposition of Knots & Primes

③ Linking numbers and the Power Residue Symbol
④Higher linking numbers of Knots & Primes.

There is an algebraic analogue of the fundamental group called the etale fundamental group:
etale maps morally contesponds to a covering map of topological spaces,

51:Knots and primes so the stale fundamental group is defined as a limitof the automorphism groups ofall finite etale maps.

M:Compact 3-manifold, say M=s" S 3 O number zing of a number field K, e.g k=Q, Ox
=1

5, (52) =1 T. (Spec() =Gal(Q"Yr) =1

Knot K: S'<> M [ >Prime ideal p00x, SpecIp - Spectr
T,(k) =i,(s) =4 T. (SpecIp) =Gal(Ep/#p)=I

Kurt Group 5,(MIKL [ Galois
group unzamified outside p i. ((pecGx(p)

MIK notcompact, instead we can remove a tabular neighbourhood of M.
Vic:tubulaz ngbol of K < >Om:Local Ring atp
i,(Vis) =π,(s) =7 5,(Spec(p) =Gal(k,/kp) = Gal(Ip/Ip)=

2Vis boundary of Vis [ · Kp:Local field atp.

(vi) =π(sxs) =x=(x,y)[,z]) T. (Speckp) hard to calculate, instead have tame quotient

longitude B 5,(Speckp) =(0,+1 +P[5,w] =1)

.
mezidian

o ferbenius, Imonodeomy. Will elaborate a little more later.

52 Decomposition of Knots and Primes

$2.1 knots

Defn (Ramified Covering Space)
Let L =2, HLzH...HL- M bealink, acts map

fiN ->M is a zamified covering over L if:

· fii:Nf() < MIL is a covering map

· For each
y ef(L), Engbds D'I EUzy, DIEV-fly), st fiU -V is (z1zxid

(identifying D=[1z1_13=e
This is like ramification of Riemann Surfaces, have eamification over a co-dimension 2 submanifold so intuitively the

map is "wrapping"around the submanifold

e is fixed for each component link Li, we call this the zamification degree of Li

Let X:=M12, Y:=N1f(), LetG:=Gal(M/s2)=GallY/X) i.e this is the Quotient of it. (s"(2) thatcorresponds to the covering space N2f(2)

Let I be a knotin M thatis either a component of 2 or disjointto 2. Vis tubular nybd.
f"(K) will be a link in N, say

f(K)=K.W.--UKr, Va:the componentof fIVia) containing 1:
Picka basepointxEGUs, then G acts on f(x) =dy., ..., yn3, where n=HG. x4L

G acts transitively on f(x) =>Gacts transitively on 8K., ..., 5K. and thus K.,...,Kr

We define the stabiliser of Ki to be the decomposition group
Decomposition Group:Dx::=[geG(g(ki) =Ki3



The decomposition groups are all conjugate to each other: aIfg(K:)=Kj, then Dri =gDk:g".
Moreover, g

induces a homeomorphism of tubular boundaries

gav,:2V, GV;

In particular for geDK, gl-- glaws:gives a covering space automorphism of GVK:and induces an isomorphism.

DKi =Gal12K:/8K). This is a cover ofatocus, is generated by a and B. L

The
map gl-glx;induces a homomorphism.

Dri -Ga)(k:/k) "
B

Define the inertia group Is:to be the kennel of this homomorphism.
Mezidians getsentto the identity, so Ik:is generated by a

Again Ik:& II;aze conjugate.

Upshot:We can understand Dis:and Is:by looking athow they acton f(x).
Fixesa pointin f(x) M8Visi. Letthe orbitofor under a be Eko, You, ---,Xo.

Then #Ixi =e, the camification degree.

Define xmn=B". Xon, and define of to be the minimal m s.t X1, E240, ---, Xoe.

f is the covering degree of K:overk.
ef =(f(x) 12k:)

Then we have:efr =n =#G.

Some special cases:

Di = 1 E) e=f=1, r =n K decomposes completely.
Dki =G (ef =

n, r
=1

Ik:= 1 E) e=1, fr =n

Iki=G =e=n,f= r = 1 I totally zamified

2.2 Primes

Defn (Ramification of a primel
Let LKbe a finite extension ofnumber fields. p a prime ideal of Dr.

pO, is an ideal in O, but notnecessarily prime.

O Dedekind domain so has unique peime factorisation
er

pO =P... - - Pr P:O=p

p is uncamified in L if ei=1 Vi.e:is the zamification degree of 4:

Quotienting induces an extension of residue fields:Let f= [O1/P:: Q/p], then ifQyp =Fp, O/P:=#pf.
fi is called the residue degree of 4:

Theram:Zeifi= [L:K)=n Proof omitted, quite involved.



Suppose now thatLIK is Galois, then GallLK) acts transitively on 34., ..., Pr3 Pf omitted

Then for o tGal(L/K):

pOx =w(p)0) =o(p)"o(4.) -- - o(-) =>e, =e = ---=er =2

=>0/Pi =0/w(pi)

=> f. =f =-.. =fr =f

=>efr =
n

Decomposition group:Stabilises of Pi
Dri =50eGalILX) 1 w(P:) =4:3 Note again thatthe decomposition groups are conjugate.

By orbit-stabiliser:Dp:has order of.

Fixing a Pi, Do: =Gal(tp:/kp).
Moreover:21- (0: < mod4:1- old modP:) defines a surjective map:Surjectivity notobvious, butport omitted.

DD:=Gall(p:/kpl Cal(#p+/#p) cyclic oforderf, generated by farbenius.

We define Ip:to be the kennel of this map. Then (Ip:)= e Inentia
groups are conjugate.

Special Cases:
D. = 1 E) e=f=1, r =p decomposes completely.

Dp, =G () ef =n, r =1

Ip:=E) e=1, fr =n

Ipi =G ==e=n,f= r = 1 totally zamifiedP

Extra complexity in prime case:Daiis quotient of 2 so always abelian, but Dpiis generally non-abelian.

Is:is cyclic and generated by a, Ig:notnecessarily cyclic (only cyclic ifLoi/kp is famel

33. Linking numbers and Power Residue Symbols
$3.1 Linking numbers

LetK., kn be knots in S. Wikipedia says linking number mightbe fractional on undefined in other 3-folds, butIcan'tfind any source/example ofthis?

How do we define linking number?Intuitively it is the number oftimes a knot "wraps around"the other knot, but

Additionally also need to orient K., Ku

·"Molla,Kan
The meridian also wimps around K., so we can relate the two:

x =
=SYint/2Vs.)

Consider G,π. (SK.) and a be a mezidian of K..
There is a surjective map to:Gs, I that sends a to IER.

Why does to exist? H.(G)= G/[G,G] = (C), so send art 1.

Let No be the covering space of Xcorresponding to kezto.

i.eGalIXo/x) =4.



No looks like:

.... "Att..."

Each Y:is Xcutalong a surface, this surface is called the Serfectsurface. Serfect Surface:Oriented surface S such that2S=K.

Can think aboutIas a covering of 5, we "cut" S' ata point and glue a copies together. Existence first proven by Frank) and Pontzyagin

Algorithm for construction given by Serfect.

4exposition:
Have map P00:Gx, =π,(SK.) -Gal(Xax) =k

Suppose Igenerates Gal(X0/x), the map sending Y;to Yits, and pick basept ofit so thatbasept on km.

Then! Po([kz]) =I1k(k.,
kz)

Pf:Consider a lift Iof the path 42 to No, so thatliftstarts atYo.

Then the path moving form Yito Yiz, indicates the linking number changing by 11

So if I ends atYe, then 1 =1k (K.,Kn),

Pal[Kn3)(yr) GYc,...PolIKS) must also must coincide at the map in Gallxox) sending Yo to Ye.

=>ol[]) =i
e

For Primes the analogous resultis considerably weaker, so first Istate weaken version of knot result.
Ifwe compose to with quotientmap 1 - 4/n2) and call this map Ye, define Xu and P2: Gs. -> Gal(Xu/x) =4InCL analogously.
Then:
pe:
[K2] it MisCK.,Kal mod n

Relation to decomposition'
The linking of K, and K2 relates to the decomposition of K2 over a cyclic covering of MIK, or cyclic covering ofM eamified over K..

Let hi:Xc ->X be the covering map,
then:

hilk) =G2 disjoint Inrts if1kCK,kuL=0 mod2

1 big knot if 1k1K, K2) =1 mode

In fact:the number of components thatKe splits into in X is determined by god(1/1.,Kn), 2)
K2 unzamified => fr =n

f:order of elementin Gal(Xu/X) corresponding to longitude of 12.
=order of 0 =p([13) ==1k(,1)

$3.2 Legenda Symbol We work backwards

Letp,g =I mod 4. There is a unique quadratic extension of D thatis eamified only at9, which is K =R(a), O =2[(1 +fa)/2]

p is unzamified in Klig), so the farbenius map atp lifts uniquely to a map p eGal(K/Q)

The decomposition up Dp is generated by op....f:order of op

We define the linking number mode to be:

p splitsin K Ex op is the identityelp,q) =3% pisinectinld () or not identity.



lk2(9,p) =0 (> op
=idx

-> op(iq) =Nq
E) Eq IFp" Zeduce mod

> 9E(IF")"
> 9 is a Quadzatic Residue mode

() (t) =1

(,)+k(9,)
=(6)

-

So the Legenda symbol gives the mode linking number

This can be generalized to mod a linking numbers, but the base field needs to contain the nth forts of unity.
In this case the mode linking number co-incides with the power insidue symbol.

34. Higher linking numbers

Very brief overview, almostall details omitted.

Motivation:Bozzomean Rings

⑳
Any 2 knots are unlinked, butall 3 ofthem are linked.

Milurz invariants made to detectthis

Idea:· Given K., ..., Kn, constructa covering
thatis eamified over K., ..., kn-

· Galois group generated by meridians mezidians and monodeomies sent to (...),
· Linking of K., ..., Kn depends on the decompositionofKn, given by order of longitude generates uppertriangular unipotent matrixgerup

longitude/ferbenius ofform (0.8)

Similarly fue peimes: given p.,...,pr, want to constructextension zamified over p., ---, pn-l

Galris gerup generated by monodiomies

· Linking number depends on orcs of farbenius up, or decomposition of pu

937

Open Question:How to constructthese extensions explicitly? Brizomean Primes.

mod2, 3 peimes: Redei (1939)

mod2, 4 paimes:Amano (2014)

mod3, 3 paimes: Amano, Mizusana, Morishitakas
"Oa

- "Milure link of 4components"


