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1 Introduction

This essay is about Galois Deformations®.

Figure 1: Galois, Deformed

Let k be a finite field, and R be a complete local Noetherian ring with maximal ideal mpr and residue
field k. Then there is a natural map GL,(R) — GL,(k) that is given component-wise by the quotient
map R — R/mp = k.

Given a topological group II and a ring R, a representation of II is a continuous group homomorphism
IT — GL,(R). Given a representation p : II — GL,,(k), it’s natural to ask how it lifts to a representation
in GL,,(R). What representations p : Il — GL,,(R) are there such that after composing with the map
GL,(R) — GL,(k), gives us p? In other words, we are looking for representations p such that the
following diagram commutes:

H—>GL

\1

A deformation is a lift of this form modulo a “strict” equivalence relation, which we will define precisely
in the next section.

The first main result of this essay will be to follow Mazur’s paper and prove the existence of a Universal
Deformation Ring. This is a ring R along with a lift p : II — GL,(R) such that for any ring R,
all the deformations of p to GL,(R) is given by the composition of p and some ring homomorphism
» € Hom(R, R). i.e. any lift p: IT — GL,(R) is given by p = ¢ o p for some ¢ € Hom(R, R).

GLA(R)
/ l@
II —"— GL,(R)
X‘ J/
GL, (k)
These notions will be made formal and explained in detail over the next few sections.

For the remainder of the essay we will try to understand the Universal Deformation Ring better, and
compute some explicit examples of R under certain hypotheses, following the work of Boston.

The majority of the essay will follow the papers [Maz89] and [Bos91], and the lecture notes given in
[Gou08] has been a useful reference in the writing on this essay.

Tmage Credits: tinyurl.com/2fpjz9ah
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2 Setup

2.1 Some Group Theory

Suppose II is a profinite group equipped with the profinite topology. We impose a finiteness condition
on the group: [Maz89]

Definition. We say that II satisfies the condition ®,, if for every open subgroup of finite index Il C II,
there is only a finite number of continuous homomorphisms from Iy to Z/pZ. Where Z/pZ is equipped
with the discrete topology.

We will assume that II satisfies condition ®,, throughout the essay.

Later on in the essay we will take II to be the absolute Galois group of a local field or the maximal
extension of a number field unramified outside of a finite set of primes, and we will show that both of
these Galois groups indeed satisfy the condition @,,.

Definition. A pro-p group is a profinite group G such that every finite quotient G/N is a p-group. We
define the pro-p-completion of G to be the profinite limit:

G =1limG/N
~

where N ranges over all normal subgroups where G/N is a finite p-group.

Given a profinite group G and its profinite completion G®), there is a canonical continuous homomor-
phism G — G®) since there is a natural map G — G/N for each N in the profinite limit. In light of this
the pro-p-completion satisfies the following universal property:

Proposition 1. If G is a profinite group and H is a pro-p group, then any homomorphism G — H
factors uniquely through G(®).

Proof. If H is a pro-p group, this implies that H = lim H; and each H; is a finite p-group.
—

Consider the map ¢; : G — H;, the image of G must be a subgroup of H; and must be a p-group. This
means that this map factors through G/ Ker ¢; = Im ¢; which is a p-group.

This gives rise to a map G®) — G/ Ker¢; — H; for each i. Thus by the universal property of inverse
limits, there is a unique map G») — H and G factors through this map, concluding our proof. O

2.2 The Category of Complete Local Noetherian Rings

For the rest of this essay we fix k to be a finite field with characteristic p, we now define the category %:

Definition. Let ob% be the set of rings R that are complete, local and Noetherian with residue field
k. By complete we mean that R is isomorphic to the inverse limit:

R= 1(£n R/m%
Moreover we define mor % to be the local ring morphisms ¢ : R — S that fix the residue field k.
In other words, we require that ¢(mgr) C mg and that the induced map R/mg — S/mg given by
r+mpg — ¢(s) + mg is the identity map on k.
Given this definition, we define several related categories:
e Suppose A € €, we define @) to be the sub-category of ¥ where we require that the objects of this

category to be additionally A-Algebras and that the morphisms should additionally be A-algebra
homomorphisms.
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e We define €° to be the full subcategory of local Artinian rings with residue field k. Note that any
Artinian local ring is automatically Noetherian and complete so this is indeed a subcategory of %'.

e Finally, we define ¢ to be the full subcategory of ¢, of Artinian rings.

We prove a proposition:

Proposition 2. Every element in % is an inverse limit of objects in €.

Proof. Suppose R € €, since we know that R is complete, R = @R/ms. It suffices to show that R/m®

is Artinian, which means we need to show that it has dimension zero.

Suppose there is a prime ideal m® C p, then since p is a prime ideal this implies m C p which gives m = p
by the maximality of m. Since prime ideals of R/m® correspond to prime ideals of R containing m?, this
implies that R/m® has only 1 prime ideal. Thus R/m® is Artinian.

O

Lemma 3. There is a canonical embedding k& — R, also known as the Teichmdiller Lift.
This implies that there is a way to write elements in R uniquely as the sum of an element of k& and an
element in mg:
R=k®dmp
Proof. Complete local rings satisfy Hensel’s lemma, so we can apply Hensel’s Lemma to R.

Since R/m = k = F,» contains all p™ — 1th roots of unity, we can factor X?"=1 _ 1 into coprime linear
polynomials in [F)», and this factorisation can be lifted into R by Hensel’s Lemma. The Teichmiiller lift
is simply the lift that identifies roots of the polynomial in k£ with the roots in R. O

We now define the Witt vectors:

Definition. The Witt vectors W (k) for a finite field k is the ring of integers Ok, for K/Q, the unique
unramified extension of Q, with residue field k.

In other words, if k = F,n then W (k) = Zp[u] where p is a primitive p™ — 1th root of unity.

Proposition 4. Every ring R € ¢ has a canonical W (k) algebra structure, and so ¢ = Gy (x). In other
words W (k) is an initial object of €.

Proof. There is a unique map from Z to any ring R. Moreover, since Z is dense in Z,, and R is a complete
ring with respect to the mg-adic topology, there is a unique map from Z, — R since morphisms in €
must be continuous.

Finally, let i1 be the image of ;4 in Fp». Since morphisms in the category ¢ must fix the residue field, u
must be mapped to the Teichmiiller lift of f.

Thus there is a unique map from W (k) = Z,[u] to R, and the map has been described above. O

Proposition 5. Every element of %, is isomorphic to a quotient of a power series ring over A.

Proof. Let R € %) and since R is Noetherian, the maximal ideal is finitely generated. Suppose mp =
(my,ma, -+ ,my). Consider the map:

¢ : A[[X15X27"' »Xn]] — R

given by X; — m; and maps A to R canonically. This map surjects onto mg since its generators are in
the image, and it is well defined because R is complete. Given an element r € R, since the map A — R
fixes the residue field, there is a A € A such that ¢(\) —r € mp. But since ¢ surjects onto mg, it follows
that it must also surject onto R.

Thus R must be isomorphic to a quotient of A[[X7, Xa, -+, X,]], as desired. O
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2.3 The Deformation Functor

Let p: IT — GL, (k) be a continuous group homomorphism. For a ring R in the category €, a lift of p
is a map p : II — GL,(R) such that upon composing by the map 7 : GL,(R) — GL,(k), we get p. In
other words we want to look for maps p such that the following map commutes:

H—>GL

\l

Now we define the notion of equivalence. Note that we can conjugate p by a matrix in M € GL,(R) and
obtain another representation g — M ~1p(g) M. However, after conjugating by M this new representation
may not restrict to p upon projection onto GL, (k). So we want to impose a condition on M such that
it is the identity upon projecting to GL,, (k). We make the definition:

Definition (Strict Equivalence). Let
I'(R) = Ker (7 : GL,,(R) — GL,,(k))

Then we say two lifts p1, p2 : II = GL,(R) are strictly equivalent if there is a matrix M € T',,(R) such
that for all g € II:

pi(g) = M~ pa(g)M

This is clearly an equivalence relation, so we write [p] to denote the strict equivalence class of p.

Using this definition, we can now define the notion of a deformation:
Definition (Deformation). A deformation of p to R is a strict equivalence class of representations [p]
such that p : I — GL,(R) is a lift of p.

Given a representation p and a ring R € ¢, we can find all possible deformations of p to R. Let D;(R)
denote the set of all possible deformations. In other words. Let E(R) be set of all lifts of p to R, then
the set D;(R) is:

D;(R) = E(R)/T(R)
Turns out this is actually a functor:
Proposition 6. D : ¢ — Set is a functor.

Proof. Suppose that Ry, Ry € € and ¢ : Ry — Rp is a morphism in . In other words ¢ is a ring map
that induces the identity map on the residue fields of Ry and R,.

We first need to define D;(¢) : D;(R1) — Dj(Rs). For [p] € D;(R1), we define:

Dy()([p)) = [¢ o p]

We check that this is well defined. First of all, since ¢ induces the identity map on the residue fields, the
following diagram commutes:

GL.(R))
//
/
ﬁ (k)

¢
o ¢0p\\ J
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So ¢ o p is indeed a lift of p, and so [¢ o p] € D;(Rz). Moreover, suppose [p] = [p'], then there is some
M € T',,(Ry) such that p(g) = M~1p/(g)M. Note that again by the fact that ¢ induces the identity on
residue fields, that ¢(M) € I';,(Rz). Thus we have that:

3(p(9) = d(M) ™" 6(p' (9)p(M)

Which implies [¢ o p] = [¢ 0 p'], and so D;(¢) is well defined.
Finally we check that D is actually a functor. However, this follows immediately from the definition
given since Dy(¢ 0 $)(p) = (p o) 0 p = do (10 p) = Dy(¢)Dy(t)p. O

We can similarly define D s for the restriction of D to the subcategory €. Since the representation
p is often fixed, if the context is clear this may be dropped from the notation, so we write D and Dy
instead.

2.3.1 The Deformation Functor is Continuous

Next we want to show that the functor D is uniquely determined by where it sends elements of €°. To
do that we first define the notion of a continuous functor on €.

Suppose .Z is a functor on ¥ and R € ¢ has maximal ideal m. Then the quotient map R — R/m*
induces a map .Z (R) — #(R/mF) for each k. Thus these maps factor into a unique map:

7 (R) — lim 7 (R/m")

Note that since R is complete, R = lim R/ mF. We say that the functor .Z is continuous if the the functor
—

commutes with the action of profinite limit:

Definition. Suppose .% is a functor on ¥. Then .Z is continuous if the natural morphism
. k
F(R) — {inf(R/m )
is in fact an isomorphism.

We now prove a lemma:

Lemma 7. The functor D; is continuous.

This proof will largely follow the structure of the proof of Lemma 2.3 in [Gou08]. The difficulty of the
proof lies in the fact that the functor maps to equivalence classes of homomorphisms, rather than the
homomorphisms themselves.

Proof. We quote without proof the two following identities which can be easily checked:
GLy(R) = lim GL,, (R/m")
I (R) = @Fn(R/mk)

Additionally, since the quotient map R/m*+! — R/mF is surjective, it follows that the maps GL,,(R/m**!) —
GL,(R/mF) and T',,(R/m**1) — I',,(R/m*) are also surjective, since those maps are defined entry-wise.
The natural map D;(R) — 1(21 D;(R/m*) sends the strict equivalence class of a representation p : IT —
GLn(R) to a sequence of classes of representations {[p, : Il = GL,(R/m*)]} ez+ Where py is obtained

by composing p with the quotient map R — R/m*.

We first show that this map is surjective. Suppose that {[pg]}rez+ be an inverse sequence of represen-

tations, so py41 composed with the quotient map GL,,(R/m**1) — GL,(R/m*) is strictly equivalent to
pr- This means that there is some Mj, € I',,(R/m*) such that:
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pr = M, (prs1  mod m*) M,

We can pick a lift M1 € I',(R/mF*1) of My, and since we are working in the strict equivalence class
of representations, [pr+1] = [Mk_ilpkHMkH]- Without loss of generality we can replace py.1 with
Mk_jlpkHMkH instead, and in doing so we obtain that py = pry1 mod m”. Inductively we can choose
representatives py of [px] such that the sequence {py}1 is compatible with quotient maps. Since we know

that GL, (R) = lim GL,,(R/m"*), then by the universal property of inverse limits there is a unique map
—
p that is compatible with all these maps. Thus [p] maps to this sequence, and the map is surjective.

Next we show that the map is injective. Suppose [p], [¢/] € D;(R) and pr = p mod m*, and pj, = p/
mod m*. Then we want to show that if pj is strictly equivalent to py, for every k, then p is strictly
equivalent to p'.

If py, is strictly equivalent to pj, then there exists Mj, € I',(R/m*) such that p, = M, 'p\, M). We can
pick Mj, inductively such that M = M, mod m*, so using the fact that T, (R) = lim T, (R/m"),
—

there is a M € I',,(R) that restricts to every M} upon taking mod m*  and thus p = M~1p'M and so
the map is injective.

So the natural map is indeed bijective, which implies D is continuous. O

This lemma is important because R/m* are objects of €, and the lemma shows that if we know the
values of the functor D, on %P, then we know the functor on all of €.

Note also that although the above proof was about the functor D,, the exact same proof will also show
that D, A is continuous.

2.4 Representability

For R € €, define the set-valued functor hr(—) = Morg (R, —). A functor .F : € — Set is representable
if it is naturally isomorphic to the functor Az for some R.

Since we defined the set-valued functor D in the previous section, it is a natural question to ask whether
this functor is representable. If it is representable, then there exists some ring R; such that for every
Re%:

D;(R) = Mor¢(R;, R)

Suppose R = R;, and let the identity map on R; correspond to a deformation p : IT — GL,(R;).

Since this is a natural transformation of functors, any deformation p of p to a ring R must correspond
to a morphism ¢ : R; — R, where p = ¢ o p. In other words, every deformation of p comes from the
composition of a ring morphism R — R and the deformation p.

Since every deformation can be obtained from the deformation p, we call this the Universal Deformation,
additionally we call R; the Universal Deformation Ring of p.

The main result of section 3 will be to show that a Universal Deformation indeed exists. In this subsection
we show some necessary conditions for a general set-valued functor on the category € to be representable.

Suppose 7 is a functor and let o : A — C and 8 : B — C be morphisms in an arbitrary category C. If
the fibre product A x¢ B exists, there there is a natural map from .7 (A x¢ B) — 7 (A) X ) F(B)
by the universal property of fibre products in Set, as seen in the below diagram.
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AXCB—W2—>B
| |

1 O B
{ {
A a—s (C

[y

sy F(B) ——

. |
F(m1) J 0 Z(8)

\) +
F(A) — Fla)— F(C)

Definition. If this map is a bijection and .7 (A x¢ B) = F(A) X z(c) F (B) for every A, B,C, then we
say that .# satisfies the Mayer Vietoris Property.

Proposition 8. If .% is a representable functor, then it satisfies the Mayer-Vietoris Property.

Proof. If F is representable, then there exists an object D € € such that . = Mor(D, —)
Then it suffices to prove that:

Mor(D, A x¢ B) = Mor(D, A) Xypor(p.cy Mor(D, B)

However, this is tautological with the universal property of the fibre product. An object in Mor(D, A) X \ior(p,c)
Mor(D, B) is a pair of morphisms from D to A and B that agree on C, but by the universal property of
fibre products these maps must uniquely factor through A x¢ B. Thus the two sets are equal. O

We have proved that the Mayer Vietoris Property is a necessary condition for a functor to be repre-
sentable, but it is not very useful in the category %. This is because fibre products need not exist
because the fibre product of Noetherian Rings need not be Noetherian.

Consider the map k[[X,Y]] — E[[X]] given by Y +— 0 and the inclusion k¥ — E[[X]]. These are all
objects and maps in the category %, however their fibre product is the ring k + k[[X, Y]]Y’, which is not
Noetherian because the ideal I = (XY, X2Y, X3Y,---) C k + k[[X,Y]]Y is not finitely generated. Thus
the fibre product is not in the category €.

However, hope is not lost, as it turns out fibre products exist in €°:

Proposition 9. Fibre products exist in the category €.

Proof. Suppose a : A — C, 3 : B — C be morphisms of objects in €. We wish to show that the ring
D := A x¢ B is local Artinian with residue field k. Note D is the subring of A x B consisting of elements
(a,b) where a(a) = B(b). Let w4, 75, o be the projection maps from D to A, B, C respectively.

Then consider the ideal Z = 7" (m4) = 75" (mp) = 75" (mc). This is the preimage of a prime ideal and
is thus prime. On the other hand, any € D \ Z will map to units x4, xp under the projections w4, 75
and they agree upon mapping to C. Then the pair (ac;‘l, xgl) also agrees upon mapping to C, and thus
defines an element in D which is inverse to z. So any element in D \ Z is a unit, and thus this ideal Z is
indeed maximal, and D is local.

The map D —+ A — A/m4 2 k is surjective and has kernel containing Z, but since Z is maximal and the
map is non-zero the kernel is equal to Z. This means that D/Z = k and so D has residue field k.

To see that D is Artinian, we show that it has finite length as a A-module. Since A and B are Artinian,
they have finite length as A-modules. Then A x B is a finite length A-module which implies D C A x B
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also has finite length as a A-module. Thus D is an Artinian A-Algebra, and we conclude that D is in
@0, 0

Because fibre products exist in ¢, it makes a lot more sense to work in this category instead, but in
order to do this we need a result that tells us whether .% is representable on ¢ by only looking at €.
To do this we define the concept of pro-representability:

Definition. Let .# be a functor on 4°, we say that .7 is pro-representable if there exists an object R
in the larger category ¢ such that for S € €°:

F(S) = Mor¢(R, S)

In general pro-representability on ¢ does not imply representability on ¢, but if our functor is continuous
then they are in fact equivalent statements:

Lemma 10. Suppose .Z is a continuous functor on €. Then . is pro-representable on ¢ if and only
if % is representable on %.

Proof. The reverse direction is clear, so it suffices to only show that a pro-representable functor is also
representable.

Suppose % is pro-representable and represented by R € %, and R is an object in ¥. Since .# is
continuous we know that:

o T ar s\ _ 12 s
7 (R) = lim 7 (R/m*) = lim Mor(R, F/m")

But by the universal property of inverse limits, the maps R — R/m® must all factor uniquely through
a map R — R. This means that any element in the set lim Mor(R, R/m?®) corresponds uniquely to a
—

morphism Mor(R, R) and vice versa, thus .# (R) = Mor(R, R) and . is representable. O

2.5 Some Galois Theory

Given an infinite field extension L/K, the Galois group Gal(L/K) is defined to be the inverse limit
{iLnGal(L’ /K) as L' ranges all finite subextensions L/L'/K. The Galois group is equipped with the

profinite topology.
In particular, given a field K, we write Gx = Gal(K/K) for the absolute Galois group of K.

Moreover, if K is a number field and S is a set of primes in K including the primes at infinity, then
let K¢ denote the maximal extension of K that is unramified outside of the set of primes S. We write
GK,S = Gal(Ks/K).

Proposition 11. Let K be a finite extension of Q,. Then Gk satisfies the ®,, condition.

Proof. By a theorem in Local Fields, there are only finitely many extensions of K of any given degree.
So in particular there are only finitely many extensions L/K of degree p.

For any non-trivial continuous homomorphism ¢ : Gx — Z/pZ, Ker ¢ has index p, which means that field
fixed by Ker ¢ has degree p over K. Given a fixed Ker ¢, there are exactly p—1 nontrivial homomorphisms
from Gg/Ker¢p — Z/pZ, so each degree p extension of K corresponds to exactly p — 1 nontrivial
homomorphisms. Since there are only finitely many degree p extensions, this proves that there are only
finitely many continuous homomorphisms Gk — Z/pZ and thus Gk satisfies ®,,. O

Proposition 12. Suppose the set S contains all primes lying above p. Then Gk s satisfies the ®,
condition. [Tial4]

Proof. This follows from the Hermite-Minkowski Theorem, which states that there are only finitely many
number fields with bounded discriminant.

Suppose L/K is a degree p extension that is unramfied outside S. Then for ¢ ¢ S, L,/K, is unramified
and thus has discriminant dr,_,x, = 1.
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If g € S, then L,;/K, is a field extension degree p. There are only finitely many local field extensions of
a fixed degree, and let d, be the maximal discriminant out of all extensions of degree p.

Let d = H dg. Then note that by the identity:
q€eS

dr/k = H dr,/K,

q

It follows that if L/K is a degree p extension that is unramified outside of S, it must have discriminant
less than d. Thus by the Hermite-Minkowski theorem, there are only finitely many such extensions.

Thus we have shown that there are finitely many extensions of K that are of degree p and unramified
outside of S, so by the same argument as the previous proof, there are only finitely many continuous
homomorphisms G s — Z/pZ and thus condition ®,, is satisfied. O

While most of this essay will focus on when II is an arbitrary profinite group that satisfies the @,
condition, the above two propositions show that all discussion regarding general II will apply when we
consider the above Galois groups

2.6 Galois Cohomology

We define the notion of a group cohomology, and a Galois cohomology is simply the group cohomology
of a Galois group. Let G be a group, and M a G-module.

Let MY denote the G-invariant elements of M, i.e. MY = {m € M|Vg € G : gm = m}.

We can think of the map M — MY as a functor Modg — AbGrp from G-modules to abelian groups.
This functor is isomorphic to the functor Homeg(Z, —). Where Z is given the trivial G module structure.
Any G-module homomorphism Z — M is uniquely determined by the image of 1 and since g1 = 1 is
G-invariant it follows that the image of 1 must also be G-invariant. Giving Homg(Z, M) the structure
of a group by pointwise addition, we find that M“ = Homg(Z, M)

Since the Hom functor is left exact, it follows that (—)¢ is also a left exact functor. The group cohomology
H*(G, M) measures the failure of this functor to be right exact.

Definition (Group Cohomology). We pick an injective resolution of M:

0 M0 L2 dy

And upon applying the functor (—)% we obtain a chain complex which is no longer neccesarily exact:

0 (196 &5 (116 4 (126 &, L.

As with usual cohomology, we define the cohomology groups to be the kernel of the differential maps
quotiented by the image:

Hi(G, M) = Kerd

T Imdi-!

Noting that the functors (—)¢ and Homg(Z, —) are isomorphic, one can think of the group cohomology
as the Ext cohomology over G-modules:

H*(G, M) = Ext’,(Z, M)

2.6.1 Explicit Description of Cochains, Cocycles, Coboundaries

From properties of Ext we can deduce that for any G-module M, we have that H°(G, M) = M©.
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For higher cohomologies, we can also explicitly describe the cochains, cocycles, and coboundaries for the
rth cohomology. This description also follows from properties of Ext and is taken from [Mil20].

The cochains C"(G, M) correspond to the set:
C"(G,M) = {set maps G" — M}

We define the differential map d” : C"(G, M) — C™ (G, M). Suppose ¢ : G" — M is an element of
C"(G,M). Then we have that:

(dr¢)(glag2a T 7g?”+1) =91¢(92, T 7gr+1)
+ 3 (=1 g1, Gig5415 0 Grr)
=1
+ (=) (g1, . 9r)

Where an element of G written outside of ¢ is to be interpreted as the group action of G on M, and the
sum in the middle essentially concatenates consecutive terms.

Define the set of cocycles to be Z"(G, M) = Kerd" and the set of coboundaries B"(G, M) = Imd"~*.
Then we have that the group cohomology is in fact isomorphic to:
Kerd” Z"(G,M)

HH(GM) = 1 5= = B"(G, M)

In particular we write down the first and second cocyles and coboundaries explicitly, for » = 1 we have
the sets:

ZY G, M) ={¢: G — M|d(gh) = ¢(9) + go(h)}
BYG,M)={¢: g+ gm—m|m e M}

For 7 = 2 we have that the cocycles Z2(G, M) are given by cochains ¢ : G?> — M such that:
916(92,93) = #(9192, 93) — ¢(91, 9293) + ¢(g1, 92)
And the coboundaries B?(G, M) are given by maps that look like:
(91,92) = 919(92) — ¢(9192) + ¢(91)

For any arbitrary map ¢ € C'(G, M).

2.7 The Tangent Space
Suppose R € € is a A-algebra. We define the Zariski Cotangent Space to be:
th = mp/(mp, my)

where (m%,m/\) is the ideal generated by m% and by the image of ma in R. Noting that t% has a
A/mp = k-module structure, the Zariski cotangent space is in fact a k-vector space. We define the
Zariski tangent space to be the dual of the cotangent space:

tR = Homk(t}}, k))

Notice a morphism A — B in the category % induces a map of tangent spaces f* : tg — t4. Moreover,
if f is surjective then it induces a surjection between the maximal ideals of A and B, and thus a surjection
fi« :ty — t5. This in turn implies that the dual map f* is injective.

We define the ring of dual numbers to be k[g] = k[X]/(X?).
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Lemma 13. For a ring R € %), there is a natural bijection of sets:
tp = HOHIA<R, k[&])

Where Homp refers to a homomorphism in the category % .

Proof. Suppose ¢ € Homy (R, k[e]), then for r € R, we have ¢(r) = 7 + p(r)e. Where 7 € k is the
reduction of » modulo m and ¢ : R — k is a map of A-modules since it should commute with addition
and scalar multiplication.

By considering R as a A-module, we can canonically write R = k @ mp from lemma 3. But ¢ sends k to
itself, so ¢ is uniquely determined by where it sends mpg.

Since ¢(m) = @(m)e for any m € mpg, it follows from €2 = 0 that ¢(m%) = 0, and so p(m%) = 0.
Additionally, since R is a A algebra and the map A — k[e] sends my to zero it follows that p(mp) =0
as well.

Thus the ¢ factors through the quotient by (m%, mx) and gives a map mp/(m%, my) — k. This is a map
of A/mp-modules, which are k vector spaces. Conversely, any such map determines a unique ¢, and thus
the sets are in bijection. O

Corollary 14. If .% is a representable functor represented by the ring R, then the tangent space of the
ring representing .%, tg is in bijection with the % (k[e]) = Homa (R, k[e]).

We have shown that .7 (k[e]) has a k-vector space structure if .% is representable. But we can in fact
give 7 (k[e]) a vector space structure as long as it satisfies a special case of the Mayer Vietoris property:

Proposition 15. Consider the fibre product k[e] X k[e] given by the maps kle] — k which send ¢ to
zero. Suppose the natural map 7 (k[e] X zx) kle]) — F (kle]) X zu) F (k[e]) is a bijection, and that
Z (k) contains a single element. Then there is a natural k-vector space structure.

Proof. The key to this proof is to first define a notion of addition and scalar multiplication on kl[e], and
then use the functoriality of . to define addition and scalar multiplication on % (k[¢]). Note that since
Z (k) consists of a single element, fibred products over .Z (k) is the same as the direct product. Thus:

F (kle]) x #w) F (Kle]) = Z (k[e]) x F (k[e])

Elements of k[e] xj, k[e] are pairs of elements (x1 4 y1€,x2 + y2€) such that they agree upon restricting
to k, so we must have that x7 = x5. Consider the map p : kle] X, k[e] — k[e] given by:

p:(r+yie,z+yoe) = o+ (Y1 +y2)e

One can check that this is a well-defined A-algebra morphism.

Since we assumed that there is a bijection % (k[e]) x # (k[e]) = F (k[e] x i, kle]), we identify the two sets
and apply % (p) in order to define addition on the set .7 (k[e]):

(a,0) € F(kle]) xx Z(K[e]) = F (kle] xx kle]) 2% Z(k[e]) 5 a+b

To define scalar multiplication we note that the map t, : k[e] — k[e] given by:
T+ ye = x+ Aye

is also a morphism of A-algebras for any A € k. Then we simply can define multiplication by a scalar in
Z (kle]) to be the application of the functor % (t,). In other words, for a € Z(k[e]):

A-a=ZF(t\)(a)

We now check that addition and scalar multiplication distributes as they should in a vector space, but
again by functoriality it simply suffices to check this on k[e].
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For example = + y1€,x + y2¢ € k[e], then:

ta(p(z +y1e, 2+ y2e)) = ta(z + (11 + y2)€)
=z + Ay1 +y2)e
= p(x + Ay1€, T + Ay26)
= p(ta(z + y1e), ta(x + y26))

Thus scalar multiplication distributes over the addition of vectors. The other vector space axioms can
be checked similarly. Thus we have given .Z (k[e]) a vector space structure.

O
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3 Universal Deformation Rings

3.1 Statement of Main result

Suppose p : IT = GL,(A) for A € @, is a lift of the representation p. Note that A™ can be given the
stricture of a II-module through the action p. i.e. g* M = p(g)M for M € A™.

We now define C'4(p) to be the set of II-module endomorphisms of A™. Clearly any such endomorphism
is also a linear map A™ — A", and thus an element of M,,(A). However this linear map P € M, (A)
must also commute with the action of II in order for it to be II-module homomorphism. Thus:

Definition.
Ca(p) == Homp (A", A") = {P € M, (A)|Vg € IL: Pp(g) = p(g)P}

This is the set of all elements of M,,(A) which commute with p(g) for all g.

In particular, we are interested in the case where C(p) = k. In other words, this means that the only
matrices that commute with p are the scalar matrices. This may seem like an arbitrary condition, but
turns out absolutely irreducible representations satisfy this property.

Definition (Absolutely irreducible representations). A representation p : G — GL,, (k) is irreducible if
it has no G-invariant subspace.

It is absolutely irreducible if for every field extension k’/k, the representation p ® k' : G — GL,(F') is
irreducible.

Proposition 16. If p: II — GL, (k) is absolutely irreducible representation, then Cx(p) = k.

Proof. Let k be the algebraic closure of k and consider the representation p ® k : IT — GL, (k). By our
assumption, this is an irreducible representation.

By Schur’s lemma from representation theory we know that the only II-endomorphisms of an irreducible
representation are the scaling maps. So in other words we know that Cr(p ® k) = k.

However, any element of Cy(p) will extend to a IT-endomorphism over k, i.e. an element in C;(p®k) = k.
Thus elements in Cj(p) can only be scalar matrices. Since all scalar matrices commute with g, we conclude
that Cx(p) = k. O

We are now ready to state the main theorem of this section:

Theorem 17 (Existence of Universal Deformation Ring). Suppose that II is a profinite group satisfying
condition ®, and p : II — GL, (k) is a representation such that C(p) = k.

Then there exists a ring R = R(IL, k, p) in €, and a deformation p : I — GL,,(R) of p such that every
other deformation p : II — A is given uniquely by a morphism R — A.

The rest of this section will be working towards a proof of this result.
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3.2 Schlessinger’s Criteria

The Schlessinger’s Criteria are a series of conditions that specify when a functor .# : €y — Set is
pro-representable. We first define the notion of a small homomorphism:

Definition. A homomorphism ¢ : R — S is small if it is surjective and Ker(¢) is principal and annihi-
lated by mpg.

Now suppose we have rings Ry, R1, Ro € ‘52, and morphisms ¢ : Ry — Rp;¢2 : Ry — Ryp. Then let
R3 := Ry xR, Ro. For a functor .7 there is a natural map .7 (R3) — % (R1) X #(r,) # (Rz), from the
universal property of fibre product, illustrated in the below diagram. We label this map .

5
\’d}
T~
F(R1) X #(Ry) F (R2) ——— F(Ry)

.97‘{'1 |
e
F

(R1) —— Z(¢n) — Z(Ry)

F(R3)

We now state the Schlessinger Criteria:

Definition. The following are the Schlessinger Criteria:

H1. If the map Ry — Ry is small, then v is surjective.

H2. If Ry = k and Ry = k[e], then ¢ is bijective.

H3. The k-vector space tg = .Z (kle]) is finite dimensional.

H4. If Ry = Rs, and ¢ = ¢ are small maps from R;, Rs to Ry, then v is bijective.

Note that the statement of H3 makes sense if condition H2 is true, since the statement H2 implies
that the assumptions in proposition 15 are true, and thus % (k[e]) can indeed be given a vector space
structure.

It turns out these 4 criteria are sufficient to ensure that .# is pro-representable:

Theorem 18 (Schlessinger). Let .# be functor on € such that .7 (k) has 1 element. Then if .Z satisfies
the Schlessinger Criteria H1-H4 then .# is pro-representable.

The proof of this theorem is omitted and but can be found at [Sch68]. This theorem implies that we
simply need to show that the functor Dp satisfies the 4 Schlessinger Criteria in order to prove Theorem
17.
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3.3 Universal Deformation Rings Exist!

We now prove the main result of this section: that a universal deformation ring indeed exists. We show
that Dy is representable by showing that it satisfies the 4 Schlessinger Criteria. This entire subsection
will closely follow the proof that was given in [Gou08]

As with the previous section, we let Ry, R1,Ry € 6} and R3 = Ry Xpg, Ra. For each i, we define
E; = E(R;) to be the set of lifts (before taking equivalence classes) of p to R;. Then we can write:

D\ (R;) = E;/T(R;)

In this case, our map 1 can be written in the form:

Y E3/Tn(R3) — E1/Tn(R1) X gy /1, (Ro) E2/T'n(R2)
We define a set:
Definition. Suppose ¢; € E; be a lift of p to R;. Then we define:

Gi(¢;) ={M € T'y,(R;)|M commutes with the image of ¢;}

This is very similar to the definition Cg,(¢;), but we only take matrices in I',,(R;) rather than all of
M, (R;), so Cr,(¢:) is a ring while G;(¢;) is a group.

We now prove a series of lemmas:

Lemma 19. D, satisfies property H1: If the map Ry — Ry is small, then 1) is surjective.

Proof. An element of Dx(R1) X p, (ry) Da(R2) is simply a pair of deformations ([¢1], [¢2]) that agree
upon mapping to Ry. To show that 1 is surjective, we need to find an element [¢] € Dy (R3) that
restricts to [¢1] and [¢2].

Since [¢1] and [¢2] agree upon mapping to Ry, there is some M € I',,(Rp) such that conjugating the
image of ¢ by M gives the image of ¢;. However, since small maps are surjective and Ry — Ry is a
small map, this implies that there is a lift M € T',,(R2) of M such that M ~1¢oM and ¢; map to the
same element in Ej.

This in turn implies that ¢; and M ¢ M specify an element ¢3 € E3, and [¢3] maps to the pair
([¢1], [#2]), so this shows that 1) is indeed surjective.

O

It should be noted that the only property of Ry — R; being small that was used was the fact that the
map is surjective. We now prove a lemma that gives us a sufficient condition for v to be injective:

Lemma 20. Let ¢5 € E5 and ¢g € Ey be its image after composing with Ry — Ry. Suppose the map
Ga2(¢2) = Go(go) is surjective for all ¢o € Es. Then the map 1 is injective.

Where the map Ga(¢p2) — Go(¢p) stated in the lemma is simply the restriction of the I',,(R2) — I'y (Ro)
map.

Proof. Suppose [¢],[¢] € Da(R3) are deformations of p such that they have the same image under
Y DA(R3) — Da(R1) Xp,(ry) Da(Rz2). Suppose ¢;,p; € E; are the lifts to R; that are induced by
@, . Then [¢], [p] having the same image under 1 implies that ¢; is strictly equivalent to ¢, for i =1, 2.

Let M; € T',(R;) be the matrices such that ¢; = Mi_1<PiMi for ¢ = 1,2. Since these maps should agree
upon mapping down to Ey, we have:

-1 — — 1 —
¢o =My oMy =My oMo

where M; is the image of M; upon mapping to I',(R). Note that the above equality implies My M o =
—_— 1
woMa My .
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This means Mng_l commutes with the image of (g, so M2M1_1 € Go(yo)-

Now we use the fact that the map Ga(p2) — Go(po) is surjective to find some N € Ga(p2) such that N
maps to Mngfl. Let No = N~ My, then note that since N commutes with ¢, we have:

¢2 = My 'poMz = My 'NpoN ™' My = Ny 192Ny

Moreover Ny reduces to M; upon mapping to I',,(Rp). This means (My, Na) € T, (Ry) x I'y(R2) in
fact specifies an element of I';,(R3). Call this element M € I',,(R3). Then this element in fact satisfies
¢ = M~1pM. This implies that [¢] = [¢], and so the map 1 is indeed injective.

O

We now prove that H2 is satisfied, but this is a simple corollary of Lemma 20.

Lemma 21. D, satisfies property H2: If Ry = k and Ry = k[e|, then ¢ is bijective.

Proof. Note that the map k[e] — k is small, so by the H1 we know that 1 is surjective.

On the other hand, in order to show that v is injective, from Lemma 20 it suffices to show that the map
Ga2(¢2) = Go(go) is surjective for all ¢ € Es.

Since we know that Ry = k, by definition I',,(Rp) must contain only the identity matrix. Since Go(¢o)
is a subgroup of I';, (Rp) it must also be the group with 1 element. Thus any map Ga(¢2) = Go(¢g) =1
must be surjective. This concludes the proof.

O

Now we move onto H3. We first prove a lemma about I'y, (k[e]).

Lemma 22. The group I';,(k[e]) is finite, and p-elementary abelian (every non-identity element has
order p, or the group has exponent p).

A direct corollary of this lemma is that by the structure theorem on finitely generated abelian groups,
', (k[e]) is isomorphic to (Z/pZ)N for some integer N.

Proof. It M € T',,(k[e]) it must reduce to the identity matrix after reducing to GL,,(k), then as a matrix
it must be of the form M = I,, + Ne, where N € M, (k).

Note that each entry in the gnatrix N must be in k which is a finite field of characteristic p. This means
that there are precisely |k|™ possible matrices N, and this number is also the size of I'y,(k[g]). So we
have shown that I';,(k[e]) is a finite p-group.

To show that the group is abelian and has exponent p, we use the fact that €2 = 0. Suppose I + Nie, I +
Nye € T, (k[e]), then we have:

(I + N1e)(I + Nae) = I 4+ Nie + Noe = (I 4+ Nae)(I + Nqe)
(I +Nie)? =T+ pNie+e2(---)=1

So I';,(k[e]) is abelian, and every element has order dividing p, which means all non-identity elements
have order exactly p. O

Equipped with this lemma, we prove the third Schlessinger Criteria. Note that the ®, condition is used
in the proof of H3.

Lemma 23. D, satisfies property H3: The vector space tp, = Dy(k[e]) is finite dimensional.

Proof. Define Iy = Ker(p : II — GL,(k)), and let p : Il — GL,,(k[e]) be a lift. Then by definition p(IIp)
must map to the identity upon composing with the projection k[e] — k, so p(Ilp) C ', (k[e]).

Now note that Il is an open subgroup of IT and has index dividing GL, (k) which is finite. So using
condition ®, we know that there are only a finite number of continuous homomorphisms IIy — Z/pZ.
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This in turn implies that there are only a finite number of homomorphisms Iy — T, (k[e]) = (Z/pZ)N
by the previous lemma.

Fix a set S = {my,---, 7} of coset representatives of II/IIy. Note that this set is finite because Iy has
finite index. Then since GL,, (k[e]) is also a finite set, there are only finitely many set maps S — GL,,(k[e]).

Note that any homomorphism II — GL, (k[¢]) is uniquely determined by where it sends IIy and the
coset representatives S. (While not every pair of maps from Iy and S will give a well-defined group
homomorphism, every homomorphism will uniquely come from such a pair of maps). Since there are a
finite number of homomorphisms from Iy and a finite number of set maps from S, it follows that there
can only be a finite number of lifts p : IT — GL,,(k[e]).

Thus Dy (k[e]) is a quotient of the set of lifts which is still a finite set. This implies that it is indeed
finite dimensional as a k-vector space.

O

The first 3 Schlessinger Criteria are true in general, but in order to prove H4 we need to impose the
additional condition on p that Ci(p) = k, i.e. the matrices that commute with p are only the scalar
matrices. We first prove two lemmas, the first is about small morphisms, and the second is about the
Ck(p) = k condition.

Lemma 24. If A,B € ‘ff\’ and A — B is a surjective homomorphism, then the homomorphism can be
factored into a chain
A:Ao—)A1—>---—>AN:B

where each A; is in ¢} and each morphism A; — A;;; is a small map.

Proof. Recall that a homomorphism R — S is small if it is surjective and has a principal kernel that is
annihilated by the maximal ideal of the domain mg. Suppose ¢ : A — B is a surjective map and let
Kerop = 1.

Note that since A is Artinian and local, so its maximal ideal is the only prime ideal, so its maximal ideal
my an nilradical co-incide, and thus m4 is nilpotent (the nilradical is nilpotent in Noetherian rings).
Suppose m% = 0, then consider the chain:

A=A/(0)=A/ImS — A/Im% " — ... — A/Imy — A/ =B
Where the map A/Im" — A/I qu_l is the natural quotient map with kernel mg_l, which is annihilated
by m4, the maximal ideal of A/Im’,.

So now we can assume without loss of generality that Ker¢ = (ai,as, - ,a,) is annihilated by the
maximal ideal m4. Consider the sequence:

A— Allar) — Af(ar,a2) = - — Af(ar,az2, -+ ,a,) = B

Each map has a kernel of the form (a;) which is principal, and annihilated by the maximal ideal of the
domain. This finishes the proof.

O

Lemma 25. Suppose C(p) = k. Then for any deformation p of p to an Artinian ring A € €3, we have
Ca(p) = A. i.e. The only matrices in C'4(p) are the scalar matrices.

In particular, this implies that the for any i, G;(¢;) consists of only scalar matrices in T, (R;)

Proof. Since the quotient map A — A/my = k is surjective, by lemma 24 we can split this into a chain
of small morphisms and induct. i.e. It suffices to prove that if ¢ : A — B is a small morphism and
Cp(pp) = B, then we must have C4(pa) = A.

Suppose @ € Ca(pa). Then @ commutes with the image of p4. Upon composing with the map A — B
we find that the image of () must also commute with the image of pp, thus the image of @@ must be in
Cp(pp), i.e it must be a scalar.
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Let @ — b € B. However, since A — B is a surjection, there is a scalar a € A that maps to b. Then
since () can be written as a + M’ where M’ maps to the 0 matrix. We know that A — B is a small
morphism, so it has principal kernel, say (¢). Then M’ = tM for some M € M, (A).

So since Q = a + tM commutes with p4, for each g € II we have (a + tM)pa(g) = pa(g)(a+tM)

This simplifies to pa(g)M = Mpa(g). By composing with the reduction A — k, we know that the image
of M must commute with p and thus is in Ck(p) = k.

This implies that M = r + M", where r € A is a scalar and M” is a matrix with entries in the maximal
ideal m 4. Noting that the ideal ¢ is annihilated by the maximal ideal, we know that tM"” = 0 and thus
Q=a+tlr+ M")=a+tris a scalar, as desired. O

Finally, we show that H4 is true under our assumption:

Lemma 26. If Cy(p) = k, then H4 is true: If Ry = Ra, and ¢1 = ¢2 are small maps from Ry, Ry to
Ry, then 1 is bijective.

Proof. From H1 we know that v is surjective, so it suffices to show injectivity. To do so, we wish to
show that Ga(d2) — G1(¢1) is surjective so we can apply lemma 20.

From the previous lemma, we know that G;(¢;) consists of only scalars. In particular G;(¢;) C I',,(R;)
are the scalars that map to the identity upon quotienting by the maximal ideal, so G;(¢;) is precisely
the set 1+ mg,.

We know that the map Ry — Ry is surjective because it is small, and since the morphisms in %) fixes
the residue field of the rings, this surjective map restricts to Ga(¢2) = 1 +mp, - 1+ mp, = Go(¢o).
Thus we conclude that 1 is injective and thus bijective.

O
Finally we can prove Theorem 17:

Proof of Theorem 17. The theorem follows immediately from Lemmas 19, 21, 23, and 26. O
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4 Universal Deformation Rings in 1 dimension

In this section we study the case where n = 1 and we have a residual representation p : IT — GLq (k) = k*.
Note that the group GL,(R) is always abelian at n = 1, and since strict equivalence is defined up to
conjugation, and conjugation in an abelian group is trivial, a deformation and a lift are the same thing
in the 1-dimensional case.

Let T' = I1%*(P) be the abelianisation of the pro-p completion of II, then if G is any abelian pro-p group,
any homomorphism IT — G must uniquely factor through the projection + : II — I', by the universal
property of the abelianisation and pro-p completion of a group.

For a A € €, we define the notion of a completed group ring:

Definition. We define the completed group ring A[[T]] to be the inverse limit of group rings A[I'/H] as
H ranges over open normal subgroups of finite index of I":

A[[T) = lim A["/H]

It is true that A[[I']] is an element of %, we will show that p is in fact represented by this ring.

By lemma 3 there is a Teichmiiller lift £* — A*, so we can lift the representation p to A by composing
with the Teichmuller lift, obtaining a representation pg : IT — GL1(A) = A*.

Theorem 27. The universal deformation ring for p is R = A[[I'] and the universal deformation is given
by:
p(9) = po(9)[V(9)]

Proof. Let I' be generated as a group by elements gq,--- ,g,. Then as a result there is a surjective ring
homomorphism A[[X1, -, X,]] = A[[l]]

Now suppose p: IT — A* is a lift of p to A € €. Then consider the map (g) = p(g)/po(g), since the

maps p, po agree when restricted to k£, this means that 1 takes values in 1+ m4.

The group 1 +my4 = lim (1 4+ m’/m’™") is an abelian pro-p group, so the map 1 : Il — 1 + m4 factors
—

through the abelianised pro-p quotient I', this gives a map f, : ' = 1 +m4.

I—r—7T
AN |
P fo
Nl
1+my
The map f, extends to a homomorphism of A-algebras f, : A[[I']] - A. Note that this implies that
p=Trfoop.
Thus this implies that every representation p that lifts p is given by the composition of p with f,. So
A[[T]] and p are the universal deformation ring and universal deformation of p respectively.

O
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5 Universal Deformation Rings in Higher Dimensions

5.1 Tangent Space Revisited

We first define the adjoint representation of a residual representation p:

Definition. Let IT act on the set of matrices M, (k) via conjugation by p. i.e. for any matrix M € M, (k):
g9-M = p(g)Mp(g)~"

Viewing M, (k) as a n? dimensional k vector space, this gives a representation of II. Call this the Adjoint
Representation of p and denote this by Ad(p). Representations of II can be viewed as II-modules, so
Ad(p) is a II-module.

We will now show that the tangent space of D is in fact isomorphic to the first group cohomology of the
adjoint representation:

Proposition 28. Let tp = Homy (R, k[e]) denote the tangent space of the functor Dj. then we have

an isomorphism:
b = H'(IL, Ad())

Proof. Let p be a deformation of p to the ring of dual numbers k[e]. Then if g € IT and p(g) = Ay €
GL,,(k), we must have that p(g) = Ay + Mye for some M, € M,(k), noting that A is invertible we can
write this as:

p(g) = (I + Nge)A,

Noting that p should be a homomorphism of groups, we have that:
(I + NghE)A = (I + NgE)Ag(I + Nhi-,‘)Ah
= (I + NgAgé‘ + AgNhE)Ah
= (I + Nye + AgNy A, e) Ag

Consider the map ¢ : IT — M, (k) given by g — N, then viewing M,, as the II-module Ad(p). We have
that ¢ satisfies:
¢(gh) = ¢(g9) +g- o(h)
This is precisely the condition needed for a map IT — Ad(p) to be a 1-cocyle, so ¢ is a cocycle.
On the other hand, suppose p’ is another representation that is strictly equivalent to p. Then there exists

I+ Te € T, (k[e]) such that (note that (I +Te)(I —Te) = 1I):

§(9) = (I +Te)p(g)(I +Te)™"
= +Te)(I+ Nye)Ag(I —Te)
=Ay+TAge+ NjAje — AjTe
=(I+Te+ Nye — A,TA; ') Ag

So the cocycle associated to p’ is the map g - N, + T — AgTA;1

The difference between these two cocycles is the map g — T — AgTA;1 =T —g-T, which is precisely a
coboundary.

Noting that there any lift p uniquely determines a cocycle ¢ and vice versa, we have proved that the set
of deformations is of p is isomorphic to the first cohomology group H*(II, Ad(p).

We conclude the proof by noting that by Corollary 14, the tangent space is isomorphic to D(k[e]). O

We have a corollary:

Corollary 29. Let d; = dim H'(II, Ad(p)). Then there is a surjection A[[X1, X2, -+, Xq,]] = R. In
order words, the universal deformation ring R is isomorphic to a quotient of the power series ring over
A in d; variables.
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Proof. By the previous proposition, we know that d; is the dimension of the tangent space D,. But the
tangent space and cotangent space have the same dimension, so we have that:

dy = dimy t; = dimy, mR/(m%,mA)

Suppose mg = (mq,- -+ ,my) be a minimal representation of mg (i.e. one requiring minimal m;’s). Then
the m; must be linearly independent and they must not be in m%.
Then mg/m% is a free A-module generated by exactly the elements my, -+ ,m,. Quotienting by my
shows that mR/(m%,mA) is a k-vector space freely generated by mq,---,my,. Then n is the dimension
of mp/(m%, my), and so n = t;.
Using the construction from proposition 5, we obtain a surjection from A[[X7, Xa,---,Xg4,]] = R as
desired.

O

5.2 Obstruction Classes

We now define the notion of an obstruction class. Suppose ¢ : Ry — Ry is a surjective morphism of
elements in %, such that the kernel Ker ¢ is annihilated by mpg,. (This is similar to the condition of a
small morphism but we do not require the kernel to be principal and the rings need not be Artinian.)

Let p : I — GL,(Ro) be a lift of 5. We want to find possible deformations II — GL,,(R;) that also lift
p. Suppose v : I = GL,(R;) is a set-map that lifts p. The obstruction measures how far away this set
map is from being a homomorphism of groups.

Since v restricts to p upon mapping R; — Ry, it follows that v must have form:

Y(9) = plg) + M,
for My € M, (Ker ¢). If v is a group homomorphism, then v(gh) = v(g)y(h). Define the function:

c(g.h) =v(gh)y(h) " 'y(g)~"

Then 7 is a homomorphism if and only if ¢(g, h) = I. However, since we know that - is a homomorphism
upon taking modulo Ker ¢, we can write c¢(g,h) = I + d(g,h), where d(g,h) € M, (Ker¢), and ~ is a
homomorphism if and only if d = 0.

Note that Ker ¢ is annihilated by mg, , so we can view it as an Ry /mpg,-module, i.e a k vector space. Thus
if we let IT act on M, (Ker ¢) by conjugation of p, then it can be viewed as the G-module Ad(p) ® Ker ¢.

Lemma 30. d(g,h) € Z*(I1, Ad(p) @ Ker ¢) is a 2-cocycle. Moreover, for any other set-valued function
7/ lifting p to Ry, the induced cocycle d’ differs from d by a 2-coboundary in B?(II, Ad(p) ® Ker ¢).

Thus, there exists a lift of p of Ry if and only if the cohomology class given by d(g, h) is trivial. We call
O(p) the Obstruction class of p relative to Ry — Ry.

Proof. We first try to simplify the expression of d. Note that since Ker¢ C mpg,, it is annihilated by
itself and so My M), = 0 for any g, h € II. Noting this, a quick calculation shows that if v(g) = p(g) + M,
then

(g9 =p(g9) " = plg) " Myp(g) ™

Substituting this into d(g, h) = v(gh)v(h)"*y(g)~* — I and using the fact that p is still a group homo-
morphism, we obtain the expression:

d(g, h) = (p(gh) + Mgn)(p(h) ™" = p(h) " Mup(h) ") (p(9) ™" — p(g) " Mgp(g)™") — I
anp(h) " p(g) ™" = p(gh)p(h) " My, ( )"o(g) ! = plgh)p(h) = p(g)~ Myp(g) "
ahp(gh) ™t = p(g)Mpp(gh) ™ — Myp(g) ™

Note that since d € M,,(Ker ¢) is annihilated by mpg,, the conjugation action by 5(g) is simply the same
as the conjugation action by p(g). Thus:

91+ d(g2,93) = p(91)(Mgyg,p(9293) " — p(g2) My, p(g2g3) ~" — My, p(g2)~")p(g1) ™"

= p(91) Mgy g,p(919298) " — p(9192) Mg, p(919293) " — p(91) My, p(g1g2) "
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On the other hand:

d(9192,93) — d(91,9293) + d(91, g2)

=(Mg, g,g,0(919293) " = p(9192) My, p(919293) " — My, 4,p(9192) ")
— (Mg, g29,0(919293) ™" — p(g1) Mgog,p(919293) ™" — Mg, p(g1) ™)
+ (Mg, g,0(9192) " = p(91) Mg, p(9192) ™" = My, p(g1) ")

ZP(91)M9293/’(919293)_1 - p(QlQQ)Mgsp(QIQZQS)_l - P(gl)Mgzp(9192)_1

Thus comparing terms, we have that g1 - d(g2,93) = d(9192,93) — d(g1, 9293) + d(g1, g2), and so d defines
a 2-cocyle.

On the other hand, suppose 7/ is a different lift of p, then v(g) = p(g) + My for a different M, €
M, (Ker ¢). Then letting N, = My, — M, we have that:

d(g,h) —d'(g,h) = Ngnp(gh) ™" — p(g)Nnp(gh) ™" — Nep(g) ™"
= gy (h) — ¥ (gh) + ¥ (9)

Where we define ¢ € C1(G, Ad(p) @ Ker ¢) by g — Nyp(g)~*. Thus the map d changes by a co-boundary
when you change the lift .

Thus, d gives a cohomology class in O(p) € H?(II, Ad(p) ® Ker ¢) = H?(I1, Ad(p)) @ Ker ¢, and a lift of
p exists if and only if O(p) = 0. As desired. O

In general these obstruction classes are hard to calculate, but a special case is if the second homology
H?2(II, Ad(p)) is trivial, in which case the obstruction class must be zero and so a lift exists. In this case
it is in fact very easy to compute the deformation ring:

Theorem 31. Let d; = dim H*(II, Ad(p)), and suppose that Cj(p) = k and R = R(II,k,p) is the
universal deformation ring representing D . Then we have:

Krull dim(R/maR) > dy — da

Moreover, if d; = 0 (i.e. the second cohomology is trivial), then the above inequality is in fact an equality,
and
R =2 A[[ X1, Xo, -+, X4,]]

Proof. From corollary 29 we know that there is a surjective homomorphism A[[X;, Xs, -+, Xg,]] —
R, and this homomorphism induces an isomorphism of tangent spaces. Define F' to be the ring

A[X1, X2, -+, Xa,]]/ma = k[[ X1, X2, -+, Xq4,]] and let J be the kernel of the morphism F' = k[[X1, Xo, -

R/maR, then we have an exact sequence:

0—>J—=>F—=>R/myR—0

Since mpJ C J, we can further quotient to get the exact sequence of k-vector spaces:

0— J/mpJ - F/mpJ - R/myR — 0

Let d = dimy, J/mpJ be the dimension of dimy, J/mpJ as a vector space. Fix a basis of this vector space
and let j1, o, - ,jqa € J be a lift of the basis to J, then if Z is the ideal in F' generated by the j;’s, then
we have that J = 7 + mpJ. By Nakayama’s lemma, Z = J and so J is generated by the d elements

.] u"'a.]d

Since R/myR = F/J, and F = k[[X1,-- -, Xq,]] has krull dimension d;. By a theorem in commutative
algebra, quotienting by an ideal of d elements decreases the Krull dimension by at most d. Thus we have

Krull dim(R/mAR) >di—d=d; — dimk(J/mFJ)

Thus it suffices to prove that do > dimy(J/mgJ).

7Xd1“ -
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Let p, be the composition of the universal deformation with the quotient map R — R/maR, by the
universal property of quotients, deformations to any A-algebra that where my is sent to zero factors
uniquely though p,,, or in other words p,, is universal amongst k-algebras.

We consider the obstruction of lifting p,, to F'/mpg.J, which is the cohomology class O(p,,) € H*(IL, Ad(p))®
J/mpJ. We define the k-linear map:

o : Homy,(J/mpJ, k) — H*(II,Ad(p)) @ J/mpJ
f=0®f)O(p,)

So it suffices to prove that the map « is injective. Suppose f € Ker a be non-zero, and A = (F//mpJ)/Ker f
be the quotient of F/mpJ by the kernel of f, and also define I = (J/mpJ)/Ker f =Im f = k. Then we
get the exact sequence:

0—2I—>A—=>R/myR—=0

This still induces an isomorphism of tangent spaces, but since we quotiented by the kernel of f, the
obstruction class of lifting p, to A is now trivial.

Thus we must have a lift of p, to the ring A. Since A is a k-algebra, by the universal property of p,, this
lift must be induced by a homomophism R — A that factors through R/maR, so we get a lift induced
by a homomorphism R/myR — A. Thus by the split-exact sequence lemma the above exact sequence
splits, and A =2 R/maR @ I. However, I being nonzero contradicts the fact that the tangent spaces of
A and R/myR are isomorphic. Thus the image of f cannot be non-zero. i.e. Kera = 0, thus proving
dy > dimg(J/mpJ) and Krulldim(R/maR) > di — da.

Finally, if do = 0, this means that J has at most 0 generators. This in turn implies that the kernel of
the map A[[X1, -, Xq4,]] = R has kernel 0, which implies

R = A[[Xla T 7Xd1]]

Before we continue we need more group theory:

5.3 More Group Theory

This section will be a miscellaneous collection of group theoretical results which we will need in the next
subsection.

Lemma 32. T',(R) is a pro-p group for any R € %.

Proof. Using the fact that I';,(R) can be written as the profinite limit:

n(R) =lim Iy (R/mf)

It suffices to show that I',(R/m}) is a p-group for each k. We induct on 7.

When k = 1 we know that I',(R/mg) = {I} is a p-group. Now suppose I',(R/m/}; ') is a p-group and
consider the transition map:
Lo (R/mp) = Tn(R/mp ")

This map is surjective and by our induction hypothesis the image is a p-group. It suffices to show that
kernel of the map is also a p-group. Any element in the kernel must reduce to the identity matrix upon
taking mod m); ', thus must have form I + M for M € M, (m}/m’;"). So there is a bijection between
the kernel of the map to the set M, (m%/m); ). Since m},/m); ' is a finite dimensional k-vector space,
it follows that M, (m7},/m); ') has order a power of p, so the map has kernel a p-group. O
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We state without proof the following theorems:

Theorem 33 (Schur-Zassenhaus [Rob96]). Let G be a profinite group with a normal pro-p Sylow
subgroup P such that P has finite index in G and is topologically finitely generated (i.e. P has a dense
open subgroup that is finitely generated). Let m : G — G/P be the quotient map. Then there exists
a subgroup A < G such that 7 induces an isomorphism A = G/P. Furthermore any other A’ < G
satisfying this property is conjugate to A by an element of P.

In particular, this also implies that G = P x A is the semidirect product of A and P.

Theorem 34 (Burnside’s Basis Theorem). Let G and P be as the previous theorem. Let P be the
maximal p-elementary abelian quotient of P (i.e. the maximal quotient of P such that P is abelian and
every element has order p). Note that P is a Fp-vector space.

If £1,---,24 € P and their images under P — P generate P as a vector space, then the elements
Ty, ,Tq generate a dense subgroup of P.

Lemma 35. Let P be a pro-p group and P the maximal p-elementary abelian quotient. Given two A-
actions A — Aut P that restrict to the same map A — Aut P upon quotienting, the semidirect products
of P and A induced by these two actions are isomorphic.

We now prove:

Proposition 36 ([Bos9l]). Let G, A, P, P be as the above theorems. Since P, P is normal, let A act on
P and P by conjugation, making them into A-modules.

If V is a F,[A]-submodule of P (i.e. V is a vector subspace of P that is closed the A-action), then
there exists an A-invariant subgroup V' of P with dimg, V' generators which maps onto V' via the map
m:G— G/P.

Proof. We first prove the case in which P is a free pro-p group. So P is the pro-p completion of the free
group.
Let F be the free pro-p group with dim V' generators, with the generators of F abstractly identified with

a basis of V, so that there is a surjection F — V. Since there is an A action A — Aut(V), we can lift
this to an A-action on F.

Let U be a [F,,[A]-module complement of V in P, and let G be the free pro-p group with dim U generators.
We repeat the same construction as above to obtain an A-action on G.

Then since there is an A-action on the both F and G, there is an A-action on the free product F*G. Since
P is also a free pro-p group by assumption, F x G = P. By our construction the maximal p-elementary
abelian quotient of F G is P and the A-action on this quotient is the same as the A-action on P given by
quotienting P. This implies that the semidirect product of F * G and A is isomorphic to the semidirect
product of P and A by lemma 35. Then taking V to be the image of F under this isomorphism, V is
A-invariant with the correct number of generators, and it maps onto V as desired.

Now suppose P is a general pro-p group. Let & — P be a surjective homomorphism from a free pro-p
group F with dim P generators. Let R be the kernel of the surjection and denote by Autg F the the
automorphisms of F that fix R.

We will show the map Autg F — Aut P induced by ¢ : F — P is surjective. Fix a generating set
g1, -+ ,gr of P. Let f1,---, f be a generating set of F that maps to this generating set of P under ¢.
For any automorphism « : P — P, let ey, - , e, be the images of ¢1,--- , g, via «, and hq,- -+ , h, be lifts
of e; via ¢. Then the map F — F given by f; — h; is surjective, since the elements h; are independent
in the vector space P by Burnside’s basis theorem. This map induces an isomorphism on the maximal
p-elementary abelian quotient F. Thus by Burnside’s basis theorem, this is also an isomorphism on F.
R is fixed under this map since it maps to zero in P, so this is an element of Autg F that restricts to «,
so the map is surjective.

In particular, for an A-action A — Aut P, we can lift this to an A-action A — Autp F. By our first
case, J contains a closed subgroup J that is free on the generators of V' < P, and is invariant by this
A-action. Then the image of J in P gives us our desired V. O

Definition. Suppose H < GL, (k) be a subgroup whose order is coprime to p. Then any k[H]-module
decomposes into a direct sum of irreducible k[H]-modules by Maschke’s theorem.
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Give M, (k) a k[H]-module structure through conjugation by elements in H, and call this module M. Let
V be another k[H]-module, then V' is prime-to-adjoint if V- and M have no irreducible sub-representations
in common.

5.4 More Galois Theory

For this section assume p > 2. Let K/Q be be a number field and let H = Gal(K/Q). Let Sy be a finite
set of primes in Q containing p and the infinity, and let S be the set of primes in K that lie above Sj.
Let L be the maximal pro-p extension of K that is unramified outside S, and let P = Gal(L/K).

Let ro be the number of complex places of K, and for F a field, define the function:

5(F) = 0 T contains a primitive p-th root of unity
|1 otherwise

Let K, be the completion of K at the place v. Define Zg to be the set of nonzero elements x € K such
that the fractional ideal (x) is a pth power when factored into prime ideals (this makes sense because
prime ideal factorisation in number fields is unique) and x is a p-th power in each completion K, for
ves.

In particular, Zg contains (K )P, the set of all p-th powers in K. Note that the sets Zg and (K*)? are
stable under the Galois action by H = Gal(K/Q) since images of p-th powers under field automorphisms
are still p-th powers. Thus we can think of the sets Zg and (K*)? as F,[H]-modules, and let Bg denote
the quotient F,[H]-module Zg /(K *)?, which is in particular also a [F,-vector spaces.

We now quote the following theorem:

Theorem 37 ([Koc70]). Let d(P) and r(P) denote the generator rank and relation rank (i.e. the minimal
number of generators and relations needed to define P as a pro-p group) of P, then the following two
identities hold:

r(P) = (Z 6(Kv)> — §(K) + dimg, B,

veS
d(P) =7y +1+7(P)

In particular, this implies that P is topologically finitely generated (it has a dense open subgroup that
is finitely generated).

We further make the following definitions. Let £ = K*/(K*)? denote the units in K modulo pth
powers, and define E, = K /(K)? similarly. We quote a result from global class field theory:

Theorem 38. Suppose the class number of K is not divisible by p, then we have the following exact
sequence of F,[H]-modules: [Bos91]

0—>BS—>E—>@EU—>P—>O
vES

For each prime [ € Q, let H; < H the decomposition subgroup at a prime lying above [ (i.e. H; is the
subgroup of H that fixes the prime ideal [, for [ an ideal of K that lies above [. This group is unique
up to conjugation.). Furthermore let Ho, be the subgroup of H generated by a complex conjugation.
Finally let p,(K) be the group of pth roots of unity in K. Then we state this following theorem:

Theorem 39 ([BM89]). As F,[H]-modules, if the order of H is not divisible by p, then we have the
following isomorphisms:

1%

E,
es
oF,

Fy[H]| @ (@ Indy, Mp(Kz)>

€Sy
oK) & ],

<

es]l

1%
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Where Ind refers to the induced representation. And K refers to the field K,,, for any choice of v; € S
which lies above [. The choice of v; does not matter because the induced module will be isomorphic
regardless of choice.

We also state without proof:

Theorem 40 ([Bos91]). For R € ¢, let X be a finitely generated subgroup of I',(R), and let A be a
subgroup of GL,,(R) that fixes X under conjugation. Then if the maximal p-elementary quotient X is
prime-to-adjoint as a F,[A] module, then X is trivial.

5.5 Dimension bounds for Galois Groups over Number Fields

We return to deformations of representations, and finally, we specialise II to be a Galois Group. Fix
a number field K and S a finite set of primes that contains all primes above p and primes at infinity.
Define also S C S to be the set of primes at infinity. Let II = Gk g, and for a prime v of K, we write
K, to be the completion of K with respect to v.

We first state without a proof a corollary of the global Euler characteristic formula, and a reference of
this can be found in section 1.5 in [Mil06]:

Theorem 41. Let M be a Gk g-module and d = [K : Q], then:

dim H°(Gx 5, M) — dim H (G 5, M) + dim H*(G 5, M) = Z dim H*(Gk,, M) — ddim M
VES

In particular if M = Ad(p) we have that:

do—dy +dy = Y dim H°(G,,Ad(p)) — dn®

VES

An immediate corollary is the following:

Corollary 42.
Krull dim(R/myR) > 1+dn® — > dim H(G,,Ad(p))
VES

Proof. This follows from Theorem 31 and the fact that H°(II, Ad(p)) = Ad(p)™ is the elements of M,
that commute with the image of II. This is precisely Ck(p) = k, so dg = 1. Substituting and rearranging
gives:

Krull dim(R/myR) > di — dy = 1+ dn® — Y dim H*(Gx,, Ad(p))
VES

5.6 Tame Representations

This section mostly follows the exposition given in [Bos91].

Let K = Q and II = Gg,s = Gal(Qs/Q). Suppose we have an absolutely irreducible residual represen-
tation p : IT — GL,, (k). We define Iy = Ker(p), and let K = Q0 be the field fixed by ITy. Let S; be
the set of primes of K that lie above primes in S.

If p: I — GL,(R) is the universal deformation of p, then note that since Iy maps to the identity under
p, the image of Iy under the lift p must restrict to the identity. In other words:

p(HO) - Fn(R)

and p gives induces a homomorphism IIy — I';,(R) by restriction.

By the universal property of pro-p quotients, the map Il — I',,(R) must factor through a pro-p quotient
of Ho.
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Let L be the maximal pro-p extension of K that is unramified outside of the set of primes S7, and define
P = Gal(L/K) (i.e. L is the maximal extension of K such that the P is pro-p). By the definition of L
we have that P is the maximal pro-p-quotient of Iy then map p|n, : IIp — I'n(R) factors through P
uniquely. Looking at our original map, this implies that p : IT — GL,,(R) must uniquely factor through
II = Gal(L/Q).

We have the following diagram indicating inclusion of fields with corresponding Galois groups labelled
on the edges:

Qs
L / Ker p=IIg
X
i K = Q'

A:n/no

Q
Since we have shown that the universal deformation p factors through the group II, also called the p-
completion T1 relative to p. This implies that in order to study the deformations of p : Il — GL,(k), it is
in fact enough to restrict this residual representation to the group II and only consider p : II — GL, (k).
By our construction we know that II/P = Im(p).

We now define the notion of a tame represenation.

Definition. A residual representation p : II — GL,, (k) is tame if the order of Im(p) is not divisible by
P.

Write H = Im(p) = f[/P and suppose p is a tame representation. In this case P is a maximal pro-p
subgroup of II, i.e. it is a Sylow pro-p subgroup. Thus we can apply theorem 33 (the Schur-Zassenhaus
theorem) and obtain that there is a subgroup A < II that is isomorphic to H, and Il = P x A.

We know that I',,(W(k)) is a pro-p group from lemma 32. Let G < GL,(W(k)) be the preimage of
Im(p) under the projection map GL, (W (k)) — GL,(k), and consider the projection map restricted to
G, i.e the map G — Im(p). This map is surjective and has kernel a subgroup of I',,(W(k)) which is
pro-p. Since the image of the map is not divisible by p, it means that the this kernel is a Sylow pro-p
subgroup of GG. This means we can apply theorem 33 again and G contains a subgroup H; isomorphic
to H = Im(p).

Since G < GL,(W(k)), this means that GL, (W (k)) contains a subgroup H; that is isomorphic to H.
Since p has image H, there is clearly a lift p; lifting p to W (k) simply by identifying H = Im(p) with
the subgroup H; of GL, (W (k)).

Thus we have a lift: }
p1: I = GL,(W(k))

That induces an inclusion o : A < GL,, (W (k)), sending A to H;.

Proposition 43. Any other lift of p to W (k) is strictly equivalent to p;, and o is also unique up to
conjugation by I',,(W (k)).

Proof. Suppose p : II — GL, (W (k)) is another lift of 5. Then we have a map Im(p}) — Im(p) via
restricting the domain of the map GL, (W (k)) — GL,(k), and moreover Im(p]) < G. This map has
kernel a subgroup of I',,(W(k)) and is thus a p group, and again, since the image of the map has order
not divisible by p, the kernel of this image is a Sylow pro-p subgroup of Im(p}) < G. Applying the
Schur-Zassenhaus theorem again there must be a subgroup of Im(p)) isomorphic to H. This is also a
subgroup of GG, and Schur-Zassenhaus states any two such groups must be conjugate by an element of
the Sylow pro-p subgroup of G. Thus the restriction of A in p; and p} differ by a conjugation by an
element in I'), (W (k)). Since all homomorphisms also need to be continuous, this means that p; and p}
must also differ by a conjugation in I',, (W (k)) and they are thus strictly equivalent lifts. O
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Since we know that ¢ = Gy (x), every ring R € ¢ has a canonical W (k) algebra structure given by a
homomorphism W (k) — R. Thus by composing ¢ by this map, we have a homomorphism op : A —
GL,(R).

From earlier this section we know that every deformation of 5 : IT — GL,, (k) to R induces a homomor-
phism from P = Kerp — I',,(R). Note that A acts on P via conjugation since P is a normal subgroup
of TI. On the other hand, A acts on T',(R) through conjugation by or. So both P and T',(R) have
A-actions, it makes sense to ask which continuous homomorphisms P — T',,(R) commute with this A
action. We define the set-valued functor E; : € — Sets to be precisely these homomorphisms:

E;(R) = Homa(P, T (R))

Since IT = P x A, any deformation II — GL,,(R) is determined by where it sends P and A, as long as
the map from P to GL, (R) respects the A action on P.

In other words, given an element of Ej, this combined with the map or specifies a lift o — GL,(R).
Thus there is a natural morphism of functors E; — Dj;. We now state a theorem from [Bos91]:

Theorem 44. If Cj(p) = k, then the natural morphism E; — D is in fact an isomorphism.

Proof. We wish to show that for an arbitrary R € €, the induced map E;(R) — D;(R) is a bijection.

We first show that the map is surjective. Let [p] € Dj(R) be a deformation of p. Then p restricts
to a map A — GL,(R). By the above proposition, this map is conjugate to the map ogr. So without
loss of generality, pick a representative p of the strict equivalence class [p] such that the induced map
A — GL,(R) is precisely the map or. But in this case, since the induced map is og, by restricting p
to the subgroup P, we have a map that is compatible with the A-action on P and T',,(R). Thus p|p is
precisely an element in E;(R), and this exactly maps to the strict equivalence class [p].

Now we show that this is an injective map. Suppose ¢1,¢2 € E;(R) and induce lifts 91,12 € D;(R).
Both ¢ and 2 will induce the map o : A — GL, (W (k)) on A, this means that the element that i,
and 1, are conjugate through a matrix in I';,(R) that fixes A under conjugation. In other words, it must
commute with the image of A.

On the other hand, the homomorphisms P — I'),(R) commute with the A-action, and so since Cy(p) = k
consists of only scalar matrices, the maps 1, and s must be conjugate by a scalar matrix. This means
that ¥ = 12, and by restricting the maps to P, we have that ¢; = ¢o. O

This is useful because if we can find a ring that represents E, then this ring must also represent D .

Theorem 45. The functor E; is representable.

Proof. Pick generators xq,xo, - x4 of P, then the image of x, in I',(R) has the form I + M, for
M, € M, (mg). Let M, have entries M = (mg))lgi,jgn~

Let F be the pro-p completion of the free group with generators zi,xo,---,x4. Then there exists a
surjection F — P with kernel N, In this case, there is a bijective correspondence between homomorphisms
P — T',,(R) and homomorphisms F — I';,(R) where N is contained in the kernel.

Consider the power series ring in dn? variables W(k)[[ﬂ(f)]]lgrgdggi,jgn — WE)T, - T We
define a homomorphism F — T, (W (k)[[T\"]]) which sends:

ij

e T+ (1))

Requiring that N is in the kernel is simply imposing a number of linear equations on Ti(jr)7 and similarly
the requirement that the A-actions commute with P — I',,(R) is also just imposing a number of linear

conditions. Let Z be the ideal generated by these conditions and define R = W(k)[[TZ(JT)]] /Z.

These conditions give rise to a homomorphism F — T',,(R) which has kernel N, and thus gives a
homomorphism P — T',,(R) which respects the A-action. This is universal, since any other function
P — T',,(R) would uniquely factor through a map F — R, and thus uniquely give a ring map R — R.
Thus the ring R represents the functor Fj. O
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Since the functors E; and D are isomorphic, this implies that the their tangent spaces are isomorphic

too. E; has tangent space:
tE,; = Eﬁ(k[t?]) = HOIIIA(P7 Fn(k[é‘]))

As noted in theorem 22, T, (k[¢]) has elements of the form I + Ne for N € M, (k) and multiplying two
elements in Ty, (k[e]) corresponds to adding in M, (k). Moreover, the conjugation by A action commutes
with the correspondence between I',,(k[e]) and M, (k). Thus I',(kle]) and Ad(p) are isomorphic as A
modules. Thus

Homa (P, Ty, (k[e])) = Homu (P, Ad(p))

But since theorem 22 also stated that I'n(k[e]) = Ad(p) is p-elementary abelian, so any A-morphism
P — Ad(p) factors uniquely through P, the maximal p-elementary abelian quotient of P. Thus:

Hom 4 (P, Ad(p)) = Hom4 (P, Ad(p))
In particular, we now know that:

Lemma 46. B
dimy, tDﬁ = dimg tEﬁ = dimyg HOHIA(P, Ad(ﬁ))

Since the order of A is not divisible by p, by Maschke’s Theorem, both P and Ad(p) can be decomposed
as a sum of irreducible A-modules. This means that if we compute the decomposition of the two modules,
then the dimension of the tangent space can be determined by the irreducible A-modules that appear in
both the decompositions (by Schur’s lemma, any morphism between irreducible representations is either
zero or an isomorphism).

5.7 Explicit Deformations in a Special Case

Definition. Let n = 2 and p be an odd prime. Suppose o € Gg, s be the complex conjugation automor-
phism. Then o2 = Id and since p is an odd prime, p(c) is a matrix of order 2 in GLy(k).

We say p is odd if det p(o) = —1 and even if det p(o) = +1.

We state the final result of this essay:

Theorem 47 ([Bos91]). Let p be an odd prime and suppose that p: Gg,s — GL2(F),) is tame, odd, and
absolutely irreducible. Recall that and K be the field fixed by Ker p, and H = Im(p) and P = Gal(L/K),
and define:

V = coker (,up(K) — @Mp(Kv)>
vES

And let B = Bg = Zg/(K*)?. Then both V and B are F,[H]-modules. Suppose that the class number
of K is not divisible by p and V' and B have no common irreducible factors with Ad(p) when decomposed
into irreducible Fj,[H]-modules. Then:

Rp = Zy[[Th, Tz, T3]

The rest of this section will work towards a proof of this theorem. So for the remainder of the section
assume that the hypothesis of the above theorem is true.

The main idea of the proof is to show that the dimension d; of the tangent space is equal to 3, and use
the identity from the Global Euler Characteristic Formula (Theorem 42) to show that the deformation
problem is unobstructed (i.e. d2 = 0). From this we conclude using Theorem 31 that the universal
deformation ring must be the power series ring in 3 variables over Z,,, R = Z,[[T1,T», T3]].

To simplify notation, for M a H-module we write:

D(M) := dimHompg (M, Ad p)

From lemma 46 we have shown that the dimension of the tangent space is in fact equal to the dimension
of dimy tg, = dimy Hompg (P, Ad(p)) = D(P), so we will compute that now. The main idea will be
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that the hypothesis of V' and B being prime-to-adjoint will imply that many terms of this dimension
calculation will go to zero.

Then in order to calculate the dimension of the tangent space, we wish to compute D(P). We prove a
series of lemmas:

Lemma 48. We have an identity:

D (P) = D (F,[H)) + D (EB Indf, upum) = D (up(K)) - D (Indff_ F, ) + D (F,)
LES)H

Proof. We first use the exact sequence given in theorem 38:

0— Bs— E— @EU—>P—>0
vESH

Since Bg is prime to adjoint, we know that Homy (Bg, Ad(p)) = 0, so using the exact sequence we have
an identity on dimensions:

dim Homy (P, Ad(p)) = dim Homy (@ Ev,Ad(p)> — dim Hompg (E, Ad(p)) (%)
vESH

The key observation is that dimension of homomorphisms between H-modules is bilinear over direct
sums of the modules. i.e.
dim Hompy (X7 @ X5,Y) = dimHompy (X;,Y) + dim Hompg (X2, Y)
dim Hompy (X, Y7 @ Y2) = dim Hompy (X, Y1) + dim Hom g (X, Y2)

We apply this to the two decompositions of modules from theorem 39 to obtain the following identity
on dimensions:

D (@ Ev) =D (F,[H])+D (@ Indgl NP(KZ)>

vES €Sy
D (E) + D (F,) = D (y(K)) + D (Indff _F, )

Substituting these two identities into (x), we obtain:

D (P) =D (Fy[H])) + D <@ Ind}] Mm)) — D (up(K)) =D (Indﬁw F,,) +D(F,)
€Sy

As desired. .
So we have decomposed D(P) into a sum of dimensions of modules, and we will now compute these
terms separately:

Lemma 49.
D(F,[H]) = dimHomy (F,[H],Ad(p)) =4

Proof. Note that F,,[H] is the regular representation of H, and from a result in representation theory, the
multiplicity of an irreducible module in the regular representation is just the dimension of the irreducible
module. But then for any H-module X we can simply decompose X into irreducible submodules X =
X1 @ ® X, and we have:

dim Hom g (Fp[H], X) = ) _ dim Homp (F,[H], X;) = Y dim X; = dim X

i=1 i=1

Thus this implies:
dim Hompy (F,[H], Ad(p)) = dim Ad(p) =4
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Lemma 50.
D (Indgw IFp> — dim Homp (Indgoo F,, Ad(ﬁ)) —2

and
D (F,) = dimHomp (Fp,, Ad(p)) =

Proof. Let o be the complex conjugation in Gg g. Through a change of basis, we can assume without

loss of generality that
7o) = 1 0
P =\o -1

We can pick the following basis for the representation Ad(p):

696 56 0)G o)

And the conjugation action of p(o) scales the 4 basis matrices by 1,1, —1, —1 respectively.

By Frobenius reciprocity we have the following identity:

dim Homp (Indgw F,, Ad(p)) = dim Homp__ (F,, Resk _ Ad(p)) = dimg, Ad(p)">

Since Hy, is the subgroup of H generated by complex conjugation, and the action of (o) fixes exactly
2 of the basis matrices of Ad(p). This implies that

D (Indgm Fp> = dimg, Ad(p)"> =2

On the other hand, since Ci(p) = k, the only matrices in Ad p fixed under the H-action are the scalar
matrices, so we conclude that:

D (F,) = dimHompy (Fp,, Ad(p)) =

Lemma 51.

D (eB Indf; upum) =D (1 (K)) = 0

LESH

Proof. The proof of this lemma uses the fact that

V = coker (,up(K) — @Np(Kv)>

veES
is a prime-to-adjoint module.

We first make sense of how to interpret @ pp(Ky) as an H-module. First we fix a prime [ € Sy and

veS
consider the the direct sum over all primes v € S which lie over ! of p1,(K,). Then given an element

h € H, the action of h is simply to permute the summands around, sending p,(K,) + i, (Kp(y)). Thus
for a fixed [, we have that is an H-module.

On the other hand, the induced module Indgl pp(K7) is a direct sum of g; ® p,(K;) over a transversal
g1, ,9s of H;. It can be shown that we have an isomorphism of H-modules:

Indy, 11, (K1) 2= @) iy (K
vl
Taking the direct sum over all primes [ € Sy, we have the isomorphism:

@ IndHl pp (F7) = @ @:U’P @ pip (K

leSy leSo |l vES
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Consider the map ¢ : p,(K) — @up(Kv). The inclusion pu,(K) < p,(K,) is clearly injective, so this

veS
implies that ¢ is injective and so Im ¢ = 1, (K).

Finally we note that the cokernel V' is the codomain of ¢ quotiented by its image. So we have an exact
sequence:

0= pp(K) = P pp(Ky) = V =0
veS

But using the fact that V' is prime-to-adjoint, we conclude:

0="D(V)

D <@ u,,<Kv>> )

veS

D (@ md}}, upum) — D(p1y(K)

LESH
As desired. U

Now we show that this deformation problem has trivial obstruction:

Lemma 52. Under the hypotheses stated at the start of this subsection:
dy—dy =3
Proof. From the corollary of the global Euler characteristic formula (Corollary 42) we have that:

dy —dy =1+dn®— Y dim H'(Gg,, Ad(p))
’UESoo
=1+4—dim H(H,Ad(p))

Note that we substituted d = 1,n = 2 since we are looking at 2 dimensional representations of Gg_g,
and the sum over infinite places in the original formula has been replaced by a single term, since there
is only one infinite place in Q.

We know that the zeroth cohomology H°(H., Ad(p)) = Ad(p)H is simply the elements in Ad(p) which
are fixed by the group H.

By the proof of lemma 50 we have shown that H., fixes a dimension 2 subspace of Ad(p).
Thus dim H°(Hs, Ad(p)) = dim Ad(p)H= = 2. And we conclude that

di—do=1+4-2=3

Finally we can conclude the section by finishing the proof to Theorem 47:

Proof of Theorem 47. We substitute the dimension calculations from lemmas 49, 50, and 51 into the
identity given in lemma 48:

dy = dim Homy (P, Ad(p))
=D (P)

=D (FP[HD +D (@ Indgl M;D(Kl)> =D (up(K)) =D (Indgw Fp) + D (Fp)
LESH

—4+0-2+1
=3



Deforming Galois Representations 34

But by lemma 52 we know that diy — dy = 3. Since ds is non-negative, this implies that ds = 0.

Finally we conclude from Theorem 31 that the deformation ring is simply equal to the power series ring

in d; variables:
R = Z,[[T1, T, Ts]]

6 Conclusion

Over this essay we proved the existence of the Universal Deformation Ring following Mazur’s paper, and
deduced some properties of the Universal Deformation Ring via the tangent space of the deformation
functor. We also computed the Universal Deformation Ring in several specific cases.

One of the hypotheses required in the statement of theorem 47 is that V' and B has to be prime-to
adjoint. While this condition greatly simplified the computation of the dimension of the tangent space,
the condition imposed does seem a bit artificial. A natural next step would be to attempt to find residual
representations p which indeed satisfy the hypotheses.
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